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GRID INVARIANTS FOR LEGENDRIAN AND TRANSVERSE LINKS IN
UNIVERSALLY TIGHT LENS SPACES
LEV TOVSTOPYAT-NELIP
Abstract. We define invariants of Legendrian and transverse links in universally tight lens
spaces using grid diagrams, generalizing [OST08]. We show that our invariants are equivalent
to those defined in [BVVV13] and [LOSS09].
1. introduction
Using grid diagrams Ozsva´th, Szabo´ and Thurston [OST08] defined invariants of Legendrian
and transverse links in the standard contact three sphere. These invariants have been shown
to be effective, meaning they distinguish some Legendrian and transverse knots having the
same classical invariants. Grid diagrams for links in lens spaces have been studied in [BGH08],
and their relationship with Legendrian links in universally tight lens spaces laid out in [BG09].
The invariants of [OST08] admit natural generalizations to the case of links in universally tight
lens spaces.
Theorem 1.1. For a grid diagram G encoding a link K ⊂ L(p, q), let L ⊂ (L(p, q), ξUT )
denote the corresponding oriented Legendrian representative of K. There are two associated
cycles x+,x− ∈ CFK−(G) supported in Maslov gradings
M(x+) = tbQ(L)− rotQ(L) + 1
p
− d(p, q, q − 1)
M(x−) = tbQ(L) + rotQ(L) +
1
p
− d(p, q, q − 1).
If K is a knot, the cycles are supported in Alexander gradings
A(x+) =
1
2
(
tbQ(L)− rotQ(L) + 1
)
A(x−) =
1
2
(
tbQ(L) + rotQ(L) + 1
)
.
The homology classes [x+] and [x−] in HFK−(L(p, q),K), denoted λ+(L) and λ−(L), are
invariants of the oriented Legendrian isotopy class of L. Let L− (respectively L+) denote the
negative (respectively positive) Legendrian stabilization of L in (L(p, q), ξUT ). We have that
λ+(L−) = λ+(L) λ−(L−) = U · λ−(L)
λ+(L+) = U · λ+(L) λ−(L+) = λ−(L).
In the case of a link, we compute the rational Alexander multi-gradings in Proposition 4.9.
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2 LEV TOVSTOPYAT-NELIP
As we will later see in Subsection 2.2, the invariants λ+ and λ−, along with the operations
of positive and negative Legendrian stabilization, are exchanged under co-orientation reversal
of the contact structure.
Transverse isotopy classes are in one to one correspondence with Legendrian isotopy classes
up to negative Legendrian (de)stabilization [EH01]. Let T denote the positive transverse
push-off of L and define θ(T ) to be λ+(L), the corollary below follows immediately:
Corollary 1.2. The homology class θ(T ) is an invariant of the transverse isotopy class of T ,
and is supported in Maslov grading
M(θ(T )) = slQ(T ) +
1
p
− d(p, q, q − 1).
If T is a knot, then the invariant is supported in Alexander grading
A(θ(T )) =
1
2
(
slQ(T ) + 1
)
.
We refer to these as the GRID invariants.
Suppose that (B, pi) is an open book supporting (Y, ξ). Any link K braided about this open
book admits a natural transverse representative. By the general transverse Markov theorem
[Pav11], there is a correspondence between
{braids about (B, pi)}/{braid isotopy and positive Markov stabilization}
and transverse links in (Y, ξ).
Using the general transverse Markov theorem, Baldwin, Vela-Vick and Ve´rtesi [BVVV13]
define an invariant of rationally null-homologous transverse links in (Y, ξ)
t(K) ∈ HFK−(−Y,K).
We refer to this as the BRAID invariant. Their construction is very similar to the construction
of the contact invariant
c(ξ) ∈ ĤF (−Y )
due to Honda, Kazez and Matic´ [HKM09].
The contact invariant in Heegaard Floer homology is characterized in terms of an Alexander
filtration coming from the binding on the Floer chain complex, see [OS05]. The BRAID
invariant admits a similar characterization. Suppose now that Y is a rational homology
sphere. If K is braided about (B, pi), we may consider the filtration on CFK−(−Y,K)
∅ = F−Bi ⊂ F−Bi+1 ⊂ · · · ⊂ F−Bj = CFK−(−Y,K)
induced by −B.
Let
bot = min{j|H∗(F−Bj ) 6= 0}
and let Htop(F−Bbot ) denote the summand of H∗(F−Bbot ) in the highest rational Maslov grading.
We will show in Subsection 5.2 that Htop(F−Bbot ) is a rank one F[U1, . . . , Um]-module, where
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m is the number of components of K. If [x] generates Htop(F−Bbot ), the map induced by the
natural inclusion on homology
Htop(F−Bbot )→ HFK−(−Y,K)
sends the class [x] to t(K), the BRAID invariant.1
The above reformulation of t(K) was first proven in the case of a braid about the unknot
in S3 [BVVV13]. Baldwin, Vela-Vick and Ve´rtesi show that the GRID invariant θ(K) for a
transverse link K ⊂ (S3, ξstd) also admits such a reformulation. Using these reformulations
they were able to prove the equivalence of t(K) and θ(K) in this special case.
We generalize this approach to prove the following:
Theorem 1.3. Let K ⊂ (L(p, q), ξUT ) be a transverse link, then the GRID and BRAID
invariants are equivalent. There exists a graded isomorphism of F[U1, . . . , Um]-modules
HFK−(−L(p, q),K)→ HFK−(−L(p, q),K)
mapping the class θ(K) to t(K).
Our approach will involve generalizing the reformulation of t(K) to braids about rational
open books having connected binding. The lens space L(p, q) can be obtained by −p/q surgery
on the unknot in S3; the core of the filling torus is a rationally fibered knot B ⊂ L(p, q) with
D2 fibers. We let (B, pi) denote this rational open book, the monodromy pi is a 2piq/p boundary
twist. This rational open book supports a universally tight contact structure ξUT on L(p, q)
[BEVHM12]. We refer to a braid about (B, pi) as a lens space braid. Any transverse link in
(L(p, q), ξUT ) can be realized as the closure of a lens space braid.
Let K be a lens space braid. In Section 7 we present a standard Heegaard diagram encoding
(−L(p, q),K), and specify a generator representing t(K). In Section 8 we prove an alternative
reformulation of t(K) involving the Alexander filtration induced by the unknotted Seifert cable
of the rational binding B.
We will show in Section 9 that the GRID invariant θ(K) of Corollary 1.2 satisfies the same
reformulation involving the Seifert cable of the binding. This will allow us to prove Theorem
1.3.
Lisca, Ozsva´th, Stipsicz and Szabo´ defined invariants of null-homologous Legendrian and
transverse knots in general contact manifolds (Y, ξ).
L(K), T (K) ∈ HFK−(−Y,K).
These are referred to as the LOSS invariants. For a transverse knot K, it is proven directly
in [BVVV13] that T (K) = t(K). In particular, Theorem 1.3 allows us to conclude that for a
transverse knot K ⊂ (L(p, q), ξUT ) the invariants θ(K) and T (K) are equivalent.
Baker, Grigsby and Hedden [BGH08] have outlined a program to tackle the Berge conjecture
involving grid diagrams for knots in lens spaces. A knot K ⊂ Y is called Floer simple if
ĤFK(Y,K) = ĤF (Y ). A knot K ⊂ L(p, q) is called simple if it can be encoded with a grid
number one diagram. The primary missing piece of the program presented in [BGH08] is to
show that if K ⊂ L(p, q) is Floer simple then it is simple. The simple condition seems hard
1This is not exactly right, see Subsection 5.2 for precise statements.
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to use in general, we conjecture that for Floer simple knots being simple is equivalent to K
being the closure of a certain type of braid:
Conjecture 1.4. Let K ⊂ L(p, q) be a Floer simple knot. Then K is simple if and only if K
can be written as the closure of a lens space braid β◦δq/p such that t̂(β◦δq/p), t̂(β−1◦δ−q/p) 6= 0.
The forward direction is not too difficult. If K is simple then the grid number one diagram
G for K gives rise to a braid β ◦δq/p whose GRID invariant is nonzero. Reflecting G about the
horizontal axis, and exchanging the two basepoints, gives rise to a grid number one diagram
for β−1 ◦ δ−q/p whose GRID invariant is also nonzero. By Theorem 1.3 it follows that the
BRAID invariants t̂(β ◦ δq/p) and t̂(β−1 ◦ δ−q/p) do not vanish.
The above conjecture is inspired by the result of Baldwin and Grigsby [BG15] that for a
braid β ∈ Bn, β is trivial if and only if t̂(β), t̂(β−1) 6= 0.
Organization Section 2 provides some contact geometric background. We review the
correspondence between grid diagrams for links in lens spaces and Legendrian and transverse
links in universally tight lens spaces, and lens space braids. We give a grid diagrammatic
proof of a transverse Markov Theorem (Theorem 2.17) for such braids.
Section 3 provides the necessary background on knot Floer homology. We prove Theorem
1.1 in Section 4. In Section 5 we reformulate the BRAID invariant in terms of an Alexander
filtration on the knot Floer complex induced by the binding. In Section 6 we use work of
[HP13] to extend the reformulation of the previous section to braids about rational opens
whose pages have connected boundary.
In Section 7 we present a standard Heegaard diagram for lens space braids and identify
an intersection point representing the BRAID invariant. In Section 8 we give an alternate
reformulation of the BRAID invariant of a lens space braid in terms of an Alexander filtration
on the knot Floer complex induced by the Seifert cable of the binding of (B, pi). Finally, in
Section 9 we show that the GRID invariant satisfies the reformulation of the previous section
and prove Theorem 1.3.
1.1. Acknowledgements. We thank John Baldwin for many helpful discussions.
2. Contact Preliminaries
2.1. Contact Geometry. We assume the reader has a certain knowledge of contact geome-
try. For an introduction to the Giroux correspondence and open books consult the wonderful
notes of Etnyre [Etn05]. For a reference on transverse and Legendrian links we point the
reader to Etnyre’s survey [Etn04].
Let (Y, ξ) be a contact 3-manifold. Suppose that (B, pi) is an open book supporting (Y, ξ).
B sits naturally as a transverse link. Any link braided about B is also naturally a transverse
link, as the contact plane field is very close to the plane field tangent to the pages away from
the binding B. The following is a generalization of a theorem of Bennequin [Ben83]
Theorem 2.1. [Pav11] Suppose (B, pi) is an open book supporting (Y, ξ). Every transverse
link in (Y, ξ) is transversely isotopic to a braid with respect to (B, pi).
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There is a notion of positive Markov stabilization for braids with respect to an arbitrary
open book, defined in [Pav11]. This operation increases the braid index by one, but preserves
the transverse isotopy class of the braid. The following is a generalization of the transverse
Markov theorem of Wrinkle [Wri02].
Theorem 2.2. [Pav11] Suppose K1 and K2 are braids with respect to an open book (B, pi)
supporting (Y, ξ). K1 and K2 are transversely isotopic if and only if they admit positive
Markov stabilizations K+1 and K
+
2 which are braid isotopic with respect to (B, pi).
The binding B of an open book supporting (Y, ξ) sits naturally as a transverse link. A copy
of B may be braided about the underlying open book, resulting in a braid of index n, where
n is the number of components of B.
Recall that the neighborhood of a transverse knot in any contact manifold is standard. If
K is transverse it admits a neighborhood contactomorphic to
N = {(r, θ, z) : r < } ⊂ R2 × S1
where ξ = ker(α) = ker(dz+r2dθ), andK is identified with (0, 0)×S1. In these coordinates, K
admits a parametrization γ(t) = (0, t, t), where t ∈ [0, 2pi). Consider the following transverse
isotopy
Γs(t) = (s, t, t)
from γ0(t) to γ/2(t). Applying this isotopy to each component of B realizes a copy of B as
an index n braid.
We will also use the notion of a rational open book and how one supports a contact structure;
the original reference is [BEVHM12]. Whenever an open book is rational we will emphasize
it, otherwise open books are assumed to be integral. Any link braided about a rational open
book also sits naturally as a transverse link in the supported contact manifold.
The unknot U ⊂ S3 is fibered with disk pages. We take the convention that the lens space
L(p, q) is obtained by −p/q surgery on the unknot. Let B ⊂ L(p, q) be the core of the filling
torus in the Dehn surgery.
B is the binding of a rational open book decomposition (B, pi) for L(p, q). The open book
has D2 pages, and the monodromy pi is a counter-clockwise 2piq/p-rotation, which we denote
by δq/p.
Honda [Hon00] classifies the universally tight contact structures (those which lift to the tight
contact structure on S3) on lens spaces. There are at most two such contact structures on
L(p, q). There is unique universally tight contact structure precisely in the case that q = p−1.
If q 6= p− 1 the two universally tight contact structures are related by co-orientation reversal.
We let ξUT denote the contact structure on L(p, q) supported by the rational open book
(B, pi), see [BEVHM12] for a proof that the contact structure is universally tight. ξUT is also
constructed explicitly as the kernel of a globally defined 1-form in section 3 of [BG09].
We will need the classical invariants for rationally null-homologous Legendrian and trans-
verse links, studied in [BE14].
Definition 2.3. Let L ⊂ Y be an oriented, rationally null-homologous link, which is parti-
tioned into sub links L1 ∪ · · · ∪ Ll. Let r denote the least common multiple of the orders of
6 LEV TOVSTOPYAT-NELIP
components of L in H1(Y ;Z). Let i : Σ → Y be a uniform rational Seifert surface for L, by
which we mean an oriented surface whose boundary wraps r times around each component of
L (even those components whose orders in homology are less than r).
• Given another oriented link L′, define the rational linking number of L with L′ to be
lkQ(L,L
′) =
1
r
Σ · L′
where Σ · L′ is the algebraic intersection number. In general the rational linking
number may depend on the relative homology class of rational Seifert surface Σ for L.
We will only consider rational homology spheres, so we continue to suppress Σ from
the notation.
• If L is a Legendrian link in (Y, ξ) let L′ denote the longitude for L specified by the
contact framing ξ|L ∩ ν(L). We define the rational Thurston-Bennequin number of L
to be
tbQ(L) = lkQ(L,L
′).
• Consider a trivialization of ξ|Σ ' Σ×R2. Since L is oriented, the positive unit tangent
vectors to L give rise to a nonzero section σ of this trivial bundle restricted to ∂Σ. We
define the rational rotation number of L to be the winding number of σ divided by r.
rotQ(L) =
1
r
winding(σ,R2)
We also denote the winding of the section σ restricted to the component of ∂Σ which
wraps around the sub-link Li ⊂ L by
rotiQ(L).
• Suppose L is a transverse link in (Y, ξ). The map i|∂Σ : ∂Σ→ L is an r-fold covering
map. The map i induces a map from a small neighborhood of the zero-section of i∗ξ
to a small neighborhood of the zero section of ξ|L, which in turn is naturally identified
with a neighborhood ν(L) of L (because L is transverse). The bundle i∗ξ is trivial,
so there exists a nonvanishing section v. A small and generic choice of section v gives
rise to a link L′ sitting in ν(L) r L. We define the rational self-linking number of L
to be
slQ(L) =
1
r
lkQ(L,L
′)
the coefficient 1r appears because L
′ is an r-fold push off of L. We define
sliQ(L) =
1
r
lkQ(Li, L
′).
2.2. Grid diagrams for links in lens spaces. Grid diagrams for links in lens spaces were
first studied in [BGH08], and subsequently from a contact geometric perspective in [BG09].
Let T 2 be the standard torus R2/Z2, where Z2 is the standard lattice generated by (1, 0)
and (0, 1). Let pi : R2 → R2/Z2 = T 2 denote the quotient map.
Definition 2.4. A grid diagram for a link K ⊂ L(p, q) with grid number n is a Heegaard
diagram G = (T 2,α,β, z,w) where
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• α = {α0, . . . , αn−1}, where αi is the image of the line y = i/n under the map pi. The
n annular components of T 2 r α are called the rows of G. For 0 ≤ i < n the row
between αi and αi+1 is called the i
th row.
• β = {β0, . . . , βn−1}, where βi is the image of the line y = −pq (x− ipn) under the map
pi. The n annular components of T 2 r β are called the columns of G. For 0 ≤ i < n
the row between βi and βi+1 is called the i
th column.
• z = {z0, z1, . . . , zn−1}. For each i, the basepoint zi is in the ith column.
• w = {w0, w1, . . . , wn−1}. For each i, the basepoint wi is in the ith column.
• Each row contains two basepoints, one from z and one from w.
In Proposition 4.3 of [BGH08] is it shown that every link K ⊂ L(p, q) is represented by a
grid diagram.
Baker and Grigsby [BG09] introduce the notion of a toroidal front diagram; these diagrams
are similar to regular front diagrams for knots in (R3, ξstd):
Proposition 2.5. (Proposition 3.3 of [BG09]) A toroidal front diagram uniquely specifies a
Legendrian link in (L(p, q), ξUT ) up to Legendrian isotopy.
Proposition 2.6. (Proposition 3.4 of [BG09]) Every Legendrian isotopy class in (L(p, q), ξUT )
admits a representative admitting a toroidal front projection.
To a grid diagram G for K one can associate several rectilinear projections of K onto T 2.
Baker and Grigsby describe how to canonically perturb a rectilinear projection of K into a
Legendrian front, they prove:
Proposition 2.7. (Lemma 4.5 and Proposition 4.6 of [BG09]) A rectilinear projection asso-
ciated to a grid diagram G for K ⊂ L(p, q) uniquely specifies a toroidal front for L, a Legen-
drian in (L(p, q), ξUT ). Moreover, the Legendrian isotopy class of L is independent of choice
of rectilinear projection coming from G, hence a grid diagram uniquely specifies a Legendrian
representative of K.
Baker and Grigsby classify the grid moves which preserve topological and Legendrian isotopy
classes.
Remark 2.8. Baker and Grigsby actually show that a grid diagram for K ⊂ L(p, q) induces
a Legendrian representative of the mirror K ⊂ −L(p, q). Their approach fits nicely with the
conventions established in [OST08] and [BGH08] and can be easily modified to give the results
stated in this paper. Our conventions will be more natural in proving Theorem 1.3.
Theorem 2.9. (Theorem 5.1 of [BG09]) Let G and G′ be grid diagrams for K and K ′ in
L(p, q). Let L and L′ denote the induced Legendrian representatives of K and K ′ by G and G′
respectively.
• K and K ′ are isotopic if and only if G and G′ are related by a sequence of elementary
grid moves.
• L and L′ are Legendrian isotopic if and only if G and G′ are related by a sequence of
elementary Legendrian grid moves.
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The elementary grid moves consist of eight different types of (de)stabilizations along with
row and column commutations. See Figures 1 and 2.
W
W ′
W
Z ′
α′
β′
Figure 1. A W:NW stabilization is pictured. A new pair of curves, α′ and
β′, is added, in addition to a pair of basepoints. The ordinal direction of
the stabilization indicates which slot is basepoint free after stabilizing. The
corresponding destablization is the inverse of this procedure.
z
w
z w
z
w
w
z
z
w
z
w
Figure 2. A commutation of the first and second columns on a grid number
three diagram for a link in L(2, 1). Because the basepoint pairs in the columns
do not interleave we are able to perform an exchange of the basepoints. Row
commutations are the analogue for two adjacent rows. These commutations
can be performed so long as the markings do not interleave.
Lemma 2.10. (Compare with Lemma 4.2 of [OST08]) A stabilization of type Z:SE (re-
spectively Z:NE, Z:NW, or Z:SW) is equivalent to a stabilization of type W:NW(respectively
W:SW, W:SE, or W:NE) followed by a sequence of commutation moves on the torus.
Proof. After performing a stabilization near a Z basepoint, we can perform a sequence of
commutation moves to get the desired diagram. 
The elementary Legendrian grid moves are comprised of commutations along with (de)stabilizations
of types W:NE, and W:SW.
It is easy to see which elementary grid moves correspond to Legendrian (de)stabilization:
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Lemma 2.11. (De)stabilizations of type W:SE and W:NW correspond to negative and positive
Legendrian (de)stabilization respectively.
Proof. Consider the rectilinear projection λ of K constructed in the proof of Proposition 2.14.
This projection may be smoothed to a toroidal front projection of L, the associated Legendrian
representative of K, having zero cusps. A stabilization of type W:SE has the effect of locally
adding two upward oriented cusps, see Figure 3. This can be thought of as taking place in a
small Darboux ball, hence corresponds to negative Legendrian stabilization.
w
Figure 3. The effect of a W:SE stabilization on an associated rectilinear pro-
jection of K is pictured on top. The effect on the associated toroidal front
projection is pictured below.
Likewise, by rotating the figures 180 degrees, a stabilization of type W:NW can be seen
to have the effect of adding two downward oriented cusps, and hence corresponds to positive
Legendrian stabilization. 
Remark 2.12. Since (B, pi) supports ξUT , the contact planes are oriented so that the “up-
ward” braid induced by a grid diagram is a positive transverse link, see Proposition 2.14.
Reversing co-orientation preserves the set of elementary Legendrian grid moves and exchanges
the two moves corresponding to positive and negative Legendrian (de)stabilization; the set
of elementary transverse grid moves is not preserved under co-orientation reversal. Let ξUT
denote ξUT with the reverse co-orientation.
Transverse isotopy classes are in one to one correspondence with Legendrian isotopy classes
up to negative Legendrian (de)stabilization [EH01]. The transverse isotopy class associated
to a Legendrian link is obtained via positive transverse push-off. A grid diagram for K
gives rise to a transverse representative T by taking the positive transverse push-off of L.
(De)stabilizations of type W:SE in addition to the elementary Legendrian grid moves comprise
the elementary transverse grid moves. The following is evident:
Proposition 2.13. Let G and G′ be grid diagrams for K and K ′ in L(p, q). Let T and T ′
denote the induced transverse representatives of K and K ′ by G and G′ respectively. T and
T ′ are transversely isotopic if and only if G and G′ are related by a sequence of elementary
transverse grid moves.
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Proposition 2.14. Let (B, pi) denote the rational open book supporting (L(p, q), ξUT ) de-
scribed in subsection 2.1. Each grid diagram G naturally induces a braiding B of K about B,
and hence a transverse representative T of K.
Proof. Given a grid diagram G = (T 2,α,β, z,w), we specify a longitude λ for K ⊂ T 2 in the
following way. In each column draw an oriented arc γβi upward (i.e. having tangent vector
−q ddx + p ddy ) from wi to zi. For each i, draw an arc in the ith row γαi from a point of z to a
point of w oriented right to left, (i.e. having tangent vector −d/dx). Let λ = ⋃n−1i=0 (γαi ∪ γβi ).
If zi and wi are in the same region of Σ r (α ∪ β), we adopt the convention that γβi runs
parallel to βi, so that the corresponding unknot component of λ comprised of γ
β
i ∪ γαl (where
l is the row containing zi and wi) is a parallel copy of βi. We push all horizontal arcs slightly
into the α handlebody, and all vertical arcs into the β handlebody.
The pages of (B, pi) meet T 2 in parallel copies of α0. Note that λ may be made positively
transverse to all parallel copies of α0 in T
2 via a small isotopy, realizing K as a braid about
B. 
The elementary braid grid moves consist of commutations along with (de)stabilizations of
type W:SE and W:SW. These are precisely the grid moves which leave B unchanged.
It is elementary to check the following proposition.
Proposition 2.15. Let G and G′ be grid diagrams for K in L(p, q). Let B and B′ denote the
induced braid representatives of K by G and G′ respectively. B and B′ are braid isotopic if and
only if G and G′ are related by a sequence of elementary braid grid moves.
A (de)stabilization of type W:NE corresponds to a generalized positive Markov (de)stabilization
in the rational setting. A generalized positive Markov stabilization has the effect of connect
summing the braid with a braid index p unknot along a positively half twisted band.
The proposition below is a generalization of the analogous statement for grid diagrams in
S3, proven in [KN10]:
Proposition 2.16. The two transverse links associated to a grid diagram coincide, i.e. the
diagram
G

// L

B // T
commutes.
Proof. Let λ denote the longitude for K on T 2 constructed in the proof of Proposition 2.14,
and let Λ denote the associated toroidal front of L. The construction of L in Proposition 3.3
of [BG09] ensures that L misses open neighborhoods of the cores of the α and β handlebodies
(this is expressed in their coordinates on L(p, q) as r1 ∈ (0, 1)); in particular L misses an open
neighborhood ν(B) of the binding of (B, pi).
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Let T denote a small positive transverse push-off of L (so that the push-off takes place
in the complement of ν(B)); in what is to come we think of T as a fixed embedding, not a
transverse isotopy class. Since (B, pi) supports ξUT there exists an isotopy through contact
structures from ξUT to ξ, such that the resulting contact structure ξ is arbitrarily close to
the tangent plane field of the pages of (B, pi) in the complement of ν(B). Transversality is an
open condition, so we may assume that T remains transverse throughout this isotopy. It is
now clear that B gives rise to T in (L(p, q), ξ), and hence in (L(p, q), ξUT ).

We have a rational transverse Markov theorem in (L(p, q), ξUT ):
Theorem 2.17. Two braids about (B, pi) represent transversely isotopic knots in (L(p, q), ξUT )
if and only if they are related by a sequence of braid isotopies and generalized positive Markov
(de)stabilizations.
Proof. The elementary transverse grid moves are exactly the elementary braid grid moves
in addition to (de)stabilization of type W:NE; this (de)stabilization corresponds to positive
Markov (de)stabilization. Propositions 2.13 and 2.15 give the result. 
2.3. Classical invariants and grid diagrams. As in the previous subsection, let G denote
a grid diagram for a link K ⊂ L(p, q), and let L and T denote the induced Legendrian
and transverse representatives. Cornwell [Cor12] has derived combinatorial formulas for the
classical invariants of L and T coming from the grid diagram G. These formulas generalize
the well known formulas for classical invariants of Legendrian and transverse links in the tight
three sphere coming from front projections.
Let P denote a toroidal front projection of K as in Proposition 2.7. Let w denote the writhe
of this projection. Let m denote the algebraic intersection of α0 with λ, and l the algebraic
intersection of β0 with λ. There will be some cusps in the projection, let cd denote the number
of downward oriented cusps, cu the number of upward oriented cusps, and c the total number
of cusps.
Proposition 2.18. (Propositions 3.2, 3.6, and Corollary 3.7 of [Cor12]) Let L and T denote
the induced Legendrian and transverse representatives of K in (L(p, q), ξUT ). We have the
following formulas for the classical invariants of L and T :
tbQ(L) = w − c
2
− ml
p
rotQ(L) =
1
2
(cd − cu)− l −m
p
slQ(T ) = w − cd − ml + (m− l)
p
Let L = L1 ∪ · · · ∪Ll and let wi, cid, ciu, li and mi denote the contributions to w, cd, cu, l and
m coming from the ith component Li ⊂ L. The proof of Proposition 2.18 in fact shows us
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that
rotiQ(L) =
1
2
(cid − ciu)−
li −mi
p
sliQ(T ) = w
i − cid −
mili + (mi − li)
p
.
Let pi : (S3, ξstd) → (L(p, q), ξUT ) denote the contact universal cover. By taking p copies
of a grid diagram G for K ⊂ L(p, q) and stacking them vertically (see Figure 4), we obtain
a grid diagram G′ for K ′ ⊂ S3. Let L, T, L′, and T ′ denote the Legendrian and transverse
representatives induced by G and G′, respectively. By virtue of how a toroidal front projection
induces Legendrian and transverse representatives (Proposition 2.7) we have that L′ = pi−1(L)
and T ′ = pi−1(T ).
Figure 4. Stacking a grid number two diagram G for a link K ⊂ L(3, 1) to
obtain a grid number six diagram G′ for K ′ ⊂ S3. The solid and hollow dots
depict w and z basepoints, respectively.
The writhe and the number of downward or upward oriented cusps are all multiplied by p
when passing from G to G′; the quantities m and l are preserved. Combining these facts with
the formulas of Proposition 2.18 it is easy to see how the classical invariants behave under
this contact universal cover:
Lemma 2.19. Let pi : (S3, ξstd) → (L(p, q), ξUT ) denote the contact universal cover. Let
L, T ⊂ (L(p, q), ξUT ) be Legendrian and tranverse links. Let L′ = pi−1(L) and T ′ = pi−1(T ).
Then we have the following:
tbQ(L) =
1
p
tb(L′) rotQ(L) =
1
p
rot(L′) slQ(T ) =
1
p
sl(T ′)
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and
rotiQ(L) =
1
p
roti(L′) sliQ(T ) =
1
p
sli(T ′)
where the lift L′ has been partitioned into sublinks L′1 ∪ · · · ∪ L′l.
If T is the positive transverse push-off of a null-homologous Legendrian link L, it is well
known that sl(T ) = tb(L) − rot(L). By the above Lemma, this equality holds for links in
universally tight lens spaces as well.
Recall that δq/p denotes the counterclockwise 2piq/p boundary twist on the disk, which is
the monodromy of a rational open book supporting (L(p, q), ξUT ). If β ∈ Bn is an element of
the braid group, then we may consider the corresponding braid β ◦ δq/p about this rational
open book. The closure of such a braid is naturally a transverse link, just as in the integral
case. We will often not distinguish the braid from its closure.
Let ∆n ∈ Bn denote the Garside element
∆n = (σ1 . . . σn−1)(σ1, . . . , σn−2) . . . (σ1σ2)(σ1),
which has square
∆2n = (σ1, . . . σn−1)
n
the full twist on n strands. Recall that the self-linking number of a braid β ∈ Bn is given by
w(β)− n, where w(β) is the writhe.
Lemma 2.20. The rational self-linking number of β ◦ δq/p in (L(p, q), ξUT ) is given by
slQ(β ◦ δq/p) = w(β) + 1
p
(qn2 − qn− n).
Proof. Consider the contact universal cover pi : (S3, ξstd)→ (L(p, q), ξUT ). The braid β ◦ δq/p
lifts to the braid βp ◦∆2qn . By Lemma 2.19 we have that
slQ(β ◦ δq/p) = 1
p
(sl(βp ◦∆2qn )) =
1
p
(w(βp ◦∆2qn )− n) = w(β) +
1
p
(qn2 − qn− n).

3. knot Floer background
3.1. Knot Floer Homology. We provide a brief overview of knot Floer homology, working
with F = Z2 coefficients throughout the entire paper.
Let L ⊂ Y be an rationally null-homologous, oriented link in a closed, oriented 3-manifold.
A multi-pointed Heegaard diagram for (Y,L) is an ordered tuple H = (Σ,α,β, z,w ∪ wF )
where
• Σ is a genus g Riemann surface,
• α = {α1, . . . , αg+m+n−1} and β = {β1, . . . , βg+m+n−1} are sets of disjoint, simple
closed curves on Σ such that α and β each span half dimensional subsets of H1(Σ;Z),
• z and w are sets of m linked basepoints. Each component of Σ r {α1, . . . , αg+m−1}
and Σr {β1, . . . , βg+m−1} contains exactly one element of z and one of w,
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• wF is a set of n free basepoints. Every component of Σrα and Σrβ contains exactly
one element of w ∪wF .
Y is specified by the Heegaard diagram (Σ,α,β). The link L is obtained in the usual way
as follows. Connect the points in z to those in w with m oriented, disjoint, embedded arcs in
Σrα; form {γα1 , . . . , γαm} by pushing the interiors of the arcs into the α handlebody. Likewise,
connect the points in w to those in z with m oriented, disjoint, embedded arcs in Σrβ; form
{γβ1 , . . . , γβm} by pushing the interiors of the arcs into the β handlebody. The union
L = γα1 ∪ · · · ∪ γαm ∪ γβ1 ∪ · · · ∪ γβm
forms the link.
To each w ∈ w ∪ wF we associate a formal variable Uw. Consider the totally real tori
Tα = α1 × · · · × αg+m+n−1 and Tβ = β1 × · · · × βg+m+n−1 in the symmetric product
Symg+m+n−1(Σ). CFK−(H), the knot Floer complex, is a free F[{Uw}w∈w∪wF ]-module gen-
erated by the intersections of Tα with Tβ.
Let x,y ∈ Tα ∩ Tβ, φ ∈ pi2(x,y) be a Whitney disk, and suppose there is a suitable path
of almost complex structures on Symg+m+n−1(Σ); we denote the moduli space of pseudo-
holomorphic representatives of φ by M(φ). The formal dimension of M(φ) is given by the
Maslov index µ(φ). M̂(φ) denotes the quotient of M(φ) by the natural translation action of
R. For p ∈ Σ, we let np(φ) denote the multiplicity of D(φ), the domain of φ, at the point p.
For a finite set of points p = {p1, . . . , pk} ⊂ Σ, np(φ) denotes the sum np1(φ) + · · ·+ npk(φ).
3.2. SpinC structures. The correspondence between SpinC-structures and homology classes
of non-vanishing vector fields for 3-manifolds was first introduced by Turaev [Tur97].
Ozsva´th and Szabo´ [OS11] generalized this construction to 3-manifolds having torus bound-
ary components. If L ⊂ Y is a link, a relative SpinC-structure is a homology class of non-
vanishing vector field v on Y r ν(L) such that the vector field v points outwards along the
boundary of Y r ν(L); we denote the set of such relative SpinC-structures by SpinC(Y, L).
There is an affine correspondence between SpinC(Y, L) and classes of H2(Y, L;Z) which is
analogous to the correspondence between SpinC(Y ) and H2(Y ;Z); in particular there is an
action of relative cohomology classes on relative SpinC-structures.
There is a filling map
GY,L : Spin
C(Y, L)→ SpinC(Y )
defined as follows. Let vL be a vector field on Y r ν(L) representing sL ∈ SpinC(Y, L).
Identifying ν(L) with L×D2, it is easy to see that there is a unique vector field vν(L), up to
homotopy, on ν(L) which points inward along the boundary, is everywhere transverse to the
D2 factor, and has L as an oriented closed orbit. Let v denote the vector field on Y obtained
by gluing vL to vν(L). We define GY,L(sL) to be the homology class of v.
This filling map is equivariant with respect to the action of cohomology, meaning that if
η ∈ H2(Y, L;Z) and i : Y r L→ Y is the inclusion map, then
GY,L(sL + η) = GY,L(sL) + i
∗η.
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Let H = (Σ,α,β, z,w ∪wF ) be a Heegaard diagram encoding (Y, L). Ozsva´th and Szabo´
define a map
sz,w : Tα ∩ Tβ → SpinC(Y,L)
by explicitly constructing a vector field representing sz,w(x), the construction is similar to
that of the map
sz : Tα ∩ Tβ → SpinC(Y )
in their earlier work.
These maps behave nicely with respect to the filling map defined above, in particular for a
generator x ∈ Tα ∩ Tβ
GY,L(sz,w(x)) = sz(x).
The complex CFK−(H) splits as a direct sum over both SpinC and relative SpinC-
structures. The relative homological grading is called the Maslov grading. It is specified
by
M(x)−M(y) = µ(φ)− 2nw∪wF (φ)
for x,y ∈ Tα∩Tβ and any Whitney disk φ ∈ pi2(x,y), and the fact that multiplication by each
of the formal variables Uw lowers Maslov grading by two. If we are working in a summand
corresponding to a torsion SpinC structure s ∈ SpinC(Y ), the relative Maslov grading can be
enhanced to an absolute Q grading [OS06].
3.3. The Alexander grading. The set of relative SpinC-structures determines a filtration
of the chain complex CFK−(H) called the Alexander filtration. If L is null-homologous, the
filtration levels can be identified with the integers via the Alexander grading ([OS04b],[Ras03]).
Ni [Ni09] later generalized this construction to rationally null-homologous links.
Definition 3.1. Let L = L1 ∪ · · · ∪ Ll ⊂ Y be a rationally null-homologous link represented
by a multi-pointed Heegaard diagram H = (Σ,α,β, z,w ∪wF ). Let F be a rational Seifert
surface for L. For a generator x ∈ Tα ∩ Tβ the ith Alexander grading of x with respect to F
is given by
AFLi(x) =
1
2[µi] · [F ]
(
< c1(sz,w(x))− (2ni − 1)PD([µi]), [F ] >
)
=
< c1(sz,w(x)), [F ] >
2[µi] · [F ] − (ni −
1
2
).
where µi is an oriented meridian for Li and ni is the number of basepoint pairs used to encode
Li.
The Alexander grading only depends on the Seifert surface through its relative homology
class. In this paper we will primarily be studying the case that Y is a rational homology
3 sphere where the choice of F is irrelevant, or we will be studying the Alexander grading
induced by a binding of a rational open book, where the fiber will be the preferred rational
Seifert surface, so we often suppress F from the notation.
Multiplication by Uw, for any w ∈ wLi , lowers ALi by one, multiplication by the other
formal variables does not change ALi . We denote the sum AL1(x) + · · · + ALl(x) by AL(x).
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The bigrading on the knot Floer homology of a link is comprised of the Maslov and collapsed
Alexander gradings.
Definition 3.2. Let K ⊂ Y be a rationally null-homologous knot.
We define the complexity of K to be
||K|| = inf
{ −χ(F )
2[µ] · [F ]
}
where the infimum is taken over all rational Seifert surfaces F for K having no sphere com-
ponents.
Ni [Ni09] has proven that knot Floer homology of links in rational homology spheres detects
the Thurston norm of the link complement. This result specializes to the following theorem
for knots; this is a generalization of the analogous Theorem in the S3 setting due to Ozsva´th
and Szabo´ [OS08].
Theorem 3.3. Let K be a knot in a rational homology sphere Y . Let Amax denote the
maximal Alexander grading among all non-zero classes in ĤFK(Y,K). Then
||K|| = Amax − 1
2
The following notion was introduced in [HP13] and is very useful for studying the relative
Alexander grading.
Definition 3.4. Let L1 ∪ · · · ∪ Ll = L ⊂ Y be an l component link, and let
(Σ,α,β, z1 ∪ · · · ∪ zl,w1 ∪ · · · ∪wl)
be a Heegaard diagram for (Y, L) where the basepoints zi and wi encode the link component
Li. Suppose that [Li] has order r in H1(Y ). Let λi ⊂ Σ be a longitude for Li constructed
as above. Let D1, . . . , Dr denote the closures of components of Σ \ (λi ∪ α ∪ β). A relative
periodic domain is a 2-chain P = ΣaiDi, whose boundary satisfies
∂P = rλi +
∑
niαi +
∑
miβi.
A relative periodic domain P naturally corresponds to a homology class inH2(Yrν(Li), ∂(Yr
ν(Li))).
Lemma 3.5. (see Lemma 2.3 of [HP13]) Let Li ⊂ L be as in the definition above. Let P
be a relative periodic domain whose homology class agrees with that of some rational Seifert
surface F for Li. For x,y ∈ Tα ∩ Tβ, we have
ALi(x)−ALi(y) =
1
r
(nx(P)− ny(P))
where the Alexander grading above is defined using the surface F .
Ni has shown the relative Alexander grading to behave nicely under covers. Let H =
(Σ,α,β, z,w) be a Heegaard diagram for L1 ∪ · · · ∪ Ll = L ⊂ Y . If Y is a QHS3, the
universal cover pi : S3 → Y is of some finite index p. We may take a p-fold cover of H to
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get a diagram H˜ = (Σ˜, α˜, β˜, z˜, w˜) for (S3, L˜), where L˜ = pi−1(L). We let L˜i = pi−1(Li), note
that L˜i is a link having p/ri components, where ri is again the order of [Li] in H1(Y ;Z). A
generator x ∈ Tα ∩ Tβ lifts to a generator x˜ ∈ Tα ∩ Tβ.
Lemma 3.6. (see Lemma 4.2 of [Ni09]) For x,y ∈ Tα ∩ Tβ,
ALi(x)−ALi(y) =
1
p
(A
L˜i
(x˜)−A
L˜i
(y˜))
We will need to understand the behavior of the absolute grading under covers.
Lemma 3.7.
ALi(x) =
1
p
A
L˜i
(x˜) +
1
2
(
1− 1
ri
)
where ri denotes the order of Li in H1(Y ;Z).
Proof. Suppose that F is a rational Seifert surface for the link L. Note that we may use
F˜ = pi−1(F ) to compute the Alexander grading with respect L˜, even though it may not be a
Seifert surface.
By construction of the relative SpinC-structures it is clear that if v is a vector field repre-
senting sz,w(x), then we may pull back v to a vector field pi
∗v on S3r L˜ representing sz˜,w˜(x˜).
It follows that pi∗(c1(sz,w(x))) = c1(sz˜,w˜(x˜)) and
< c1(sz˜,w˜(x˜)), [F˜ ] >
=< pi∗(c1(sz,w(x))), [pi−1(F )] >
= p < c1(sz,w(x)), [F ] > .
Let K1 . . .Km be the components of L˜i, where m = p/ri. Let mj denote a meridian for Kj ,
and n˜j denote the number of basepoint pairs encoding Kj . Note that
p[µi] · [F ] = [pi−1(µi)] · [F˜ ] = ri[m1] · [F˜ ].
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We can now evaluate,
A
L˜i
(x˜) =
p/ri∑
j=1
AKj (x˜)
=
p/ri∑
j=1
(< c1(sz˜,w˜(x˜)), [F˜ ] >
2[mj ] · [F˜ ]
− (n˜j − 1/2)
)
=
p/ri∑
j=1
(p < c1(sz,w(x)), [F ] >
2[mj ] · [F˜ ]
)
− (nip− p
2ri
)
= p
( p
ri
< c1(sz,w(x)), [F ] >
2[m1] · [F˜ ]
− (ni − 1
2ri
)
)
= p
(< c1(sz,w(x)), [F ] >
2[µi] · [F ] − (ni −
1
2ri
)
)
= p
(< c1(sz,w(x)), [F ] >
2[µi] · [F ] − (ni −
1
2
)− 1
2
+
1
2ri
)
= p
(
ALi(x)−
1
2
(1− 1
ri
)
)
.

3.4. Knot Floer complexes and stabilizations. The differential ∂− : CFK−(H) →
CFK−(H) is defined as follows on generators
∂−(x) :=
∑
y∈Tα∩Tβ
∑
φ∈pi2(x,y)
µ(φ)=1
nz(φ)=0 ∀z∈z
#M̂(φ) ·
∏
w∈w∪wF
Unw(φ)w · y,
and extends linearly to the entire complex. We define the minus version of knot Floer homology
to be
HFK−(Y,L) := HFK−(H) = H∗(CFK−(H), ∂−).
If w and w′ are in the same wLi for some i, the formal variables Uw and Uw′ act identically
on HFK−(Y, L). Each of the formal variables corresponding to free basepoints also act
identically on HFK−(Y,L). Letting Ui denote the action of Uw for w ∈ wLi , and wf ∈ wF
be some free basepoint, one can show that HFK−(Y,L) is an invariant of L ⊂ Y , which is
well defined up to graded F[U1, . . . , Ul, Uwf ]-module isomorphism.
ĈFK(H) is the chain complex obtained by setting Uw = 0 for exactly on w in each wLi .
We let ∂̂ denote the induced differential on ĈFK(H), and let
p : CFK−(H)→ ĈFK(H)
denote the natural projection. The hat version of knot Floer homology,
ĤFK(Y, L) := ĤFK(H) := H∗(ĈFK(H), ∂̂),
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is an invariant of (Y,L) up to graded F-module isomorphism.
Setting each Uw = 0 for all w ∈ wF one obtains another chain complex, CFK−,wF (H).
This complex plays a key role in our reformulation of the transverse invariant in subsequent
sections. The homology
HFK−,n(Y, L) := HFK−,n(H) := H∗(CFK−,wF (H), ∂−)
is an invariant of (Y, L) and the number, n, of free basepoints up to graded F[U1, . . . , Ul]-
module isomorphism.
Any pair of multi-pointed Heegaard diagrams for (Y, L) is related by a sequence of Heegaard
moves in the complement of all basepoints. The moves are isotopy, handleslide, index 1/2
(de)stabilization, linked index 0/3 (de)stabilization, and free index 0/3 (de)stabilization. A
pair of such diagrams with equal number of free basepoints may be related by a sequence of
Heegaard moves not including free 0/3 (de)stabilization.
Isotopies and handleslides induce chain maps, via pseudo-holomorphic triangle counts,
which induce isomorphisms on homology. Index 1/2 (de)stabilization induces an isomorphism
of chain complexes. We describe the maps associated to linked and free 0/3 (de)stabilizations
and their relationship to certain basepoint actions on the complex.
Suppose that D is a region of Σrβ containing some z ∈ z and w ∈ w. Performing a linked
index 0/3 stabilization consists of adding a basepoints z′ to z and w′ to w, and curves α′ to
α and β′ to β as depicted in Figure 5. The two intersections of α′ and β′, denoted x′ and y′,
must be in the region of Σrαr β which contains z.
w z w z′ w′ z
β′ α′y′
x′
Figure 5. Before and after a linked 0/3 stabilization.
Let CFK−,n(H′)2 be the subcomplex of CFK−,n(H′) generated by elements of the form
x ∪ {y′}, and let CFK−,n(H′)1 denote the quotient complex generated by elements of the
form x ∪ {x′}, where x ∈ Tα ∩ Tβ. Define f : CFK−,n(H′)1 → CFK−,n(H′)2 by
f(x ∪ {x′}) = (Uw + Uw′)(x ∪ {y′}).
CFK−,n(H′) is isomorphic to the mapping cone of f , and it follows that the map from
CFK−,n(H) to CFK−,n(H) defined on generators by sending x to x∪{y′} induces an isomor-
phism on homology. Linked index 0/3 destablization induces the inverse of this isomorphism.
Given any z′ ∈ z we define a chain map Ψz′ : CFK−,n(H) → CFK−,n(H) by counting
holomorphic disks which pass exactly once through z′. On generators the map is defined as
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follows:
Ψz′(x) :=
∑
y∈Tα∩Tβ
∑
φ∈pi2(x,y)
µ(φ)=1
nz′ (φ)=1
nz(φ)=0 ∀z∈zr{z′}
#M̂(φ) ·
∏
w∈w∪wF
Unw(φ)w · y.
Studying degenerations of holomorphic disks shows that Ψz′ is a chain map; let ψz′ denote the
induced map on homology. More degeneration arguments involving disks show that ψ2z′ = 0
and if z′ 6= z ∈ z then ψz′ψz = ψzψz′ . Further standard degeneration arguments involving
triangles show that ψz′ commutes with the isomorphisms associated to isotopies and han-
dleslides. ψz′ commutes with the map associated to free 0/3 (de)stabilization, and linked 0/3
(de)stabilization so long as z′ is not the basepoint being added (or removed).
Note that for the diagram H′, obtained from H by linked 0/3 stabilization, we have that
CFK−,n(H′)1 = ker Ψz′ and CFK−,n(H′)2 = coker Ψz′ . Thus the summand
⋂
z∈z coker(ψz)
is preserved by the isomorphism induced by any Heegaard move.
Free index 0/3 stabilization consists of adding a free basepoint w′ to wF , one curve α′ to α
and one curve β′ to β, in a region of Σrαrβ containing a point of z, as depicted in Figure
6, to obtain a new diagram H′. We say that α′ and β′ form a small configuration about w′.
z w′ z
y′
x′
α′ β′
Figure 6. Before and after a free 0/3 stabilization.
Let CFK−,n+1(H′)1, CFK−,n+1(H′)2, be the subcomplex generated by elements of the
form x ∪ {x′}, x ∪ {y′}, respectively, for x ∈ Tα ∩ Tβ. CFK−,n+1(H′) splits as a direct sum
of complexes,
CFK−,n+1(H′) = CFK−,n+1(H′)2 ⊕ CFK−,n+1(H′)2.
The inclusion i : CFK−,n(H)→ CFK−,n+1(H′) which sends x to x∪{x′}, is an isomorphism
from CFK−,n(H) to CFK−,n+1(H′)1[1], where the [1] indicates that the Maslov grading has
been increased by 1. The projection j, sending generators x ∪ {x′} to x, and all others to
zero, restricts to the inverse of i on CFK−,n+1(H′)1[1].
Given any w ∈ wF we define a chain map Ψw : CFK−,n(H) → CFK−,n(H) by counting
holomorphic disks which pass exactly once through w. On generators the map is defined as
follows:
Ψw(x) :=
∑
y∈Tα∩Tβ
∑
φ∈pi2(x,y)
µ(φ)=1
nw(φ)=1
nz(φ)=0 ∀z∈z
#M̂(φ) ·
∏
w∈w
Unw(φ)w · y.
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Ψw is a chain map; let ψw denote the induced map on homology and refer to it as the free
basepoint action associated to w. Standard degeneration arguments show that the basepoint
actions associated to two distinct free basepoints commute, any free basepoint action squares
to zero, and that ψw will commute with maps induced by all Heegaard moves, including 0/3
free (de)stabilization so long as w is not the free basepoint being added (or removed).
Note that for the diagram H′, obtained from H by free 0/3 stabilization, we have that
CFK−,n+1(H′)1 = coker Ψw′ and CFK−,n+1(H′)2 = ker Ψw′ . Thus the splitting in (1) gives
rise to the splitting on homology,
HFK−,n+1(H′) = coker ψw′ ⊕ ker ψw′ .
The inclusion i∗ induces, and the projection j∗ restricts to, isomorphisms which are inverses
of each other:
i∗ : HFK−,n(H)→ coker ψw′ [1]
j∗ : coker ψw′ [1]→ HFK−,n(H).
Suppose now that H′ is obtained from H by k free index 0/3 stabilizations. Let w1, . . . , wk
denote the free basepoints which are added in the stabilizations. Let ik and jk denote the
obvious compositions of inclusion and projection maps
ik : CFK−,n(H)→ CFK−,n+k(H′)
jk : CFK−,n+k(H′)→ CFK−,n(H).
The compositions ik∗, jk∗ , induce and restrict to, respectively, isomorphisms which are inverses
of each other:
ik∗ : HFK
−,n(H)→
( k⋂
i=1
coker ψwi
)
[k]
jk∗ :
( k⋂
i=1
coker ψwi
)
[k]→ HFK−,n(H).
3.5. Combinatorial knot Floer homology. Grid diagrams have been used to give a com-
binatorial definition of link Floer homology, first for links in S3 [MOST07], and subsequently
for links in lens spaces [BGH08]. Also see the text [OSS15] for a comprehensive treatment of
grid homology for links in S3.
Given a grid diagram G = (T 2,α,β, z,w), consider the diagram G = (T 2,β,α,w, z) for
(−L(p, q),K). In this section we refer to G as a grid diagram for K.
If G has grid number n, the generators of CFK−(G) can be identified with Sn ⊕ Z/pZ,
where Sn denotes the symmetric group on n elements. The differential on CFK
−(G) is
defined by counting certain pseudo-holomorphic disks, c.f. Subsection 3.1, for a grid diagram
all of the appropriate disks contributing to the differential have domains which are rectangles.
Computing the homology HFK−(G) is a combinatorial task, this is the basic idea behind
grid homology.
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Definition 3.8. Fix x,y ∈ Tβ ∩ Tα. A rectangle from x to y is an embedded disk r ⊂ T 2
whose boundary consists of four arcs, each of which lies along some β or α curve, satisfying
the conditions:
• Four corners of p are in x ∪ y. Moreover x and y agree away from these four corners.
• The portion of ∂p along the α curves is an oriented path from y to x.
The set of rectangles from x to y is denoted Rect(x,y), and is either empty or consists of
two rectangles. A rectangle x ∈ Rect(x,y) is called empty if its interior is disjoint from x and
y. The space of empty rectangles from x to y is denoted Rect◦(x,y).
The differential on CFK−(G) can be expressed as
∂−(x) :=
∑
y∈Tβ∩Tα
∑
r∈Rect◦(x,y)
r∩w=∅
U
z0(r)
0 U
z1(r)
1 . . . U
zn−1(r)
n−1 · y,
where zi(r) denotes the intersection number of zi with r.
As explained in Subsection 2.2, a grid diagram naturally gives rise to Legendrian and
transverse representatives of the link. In Section 4 we will use grid diagrams to define invariants
of Legendrian and transverse links in universally tight lens spaces, naturally extending the
invariants defined in [OST08].
In [MOST07] not only is a combinatorial method of computing HFK−(S3,K) given, a
combinatorial proof of invariance is presented. There are quasi-isomorphisms associated to
commutations and the various stabilizations. These quasi-isomorphisms admit natural exten-
sions to grid homology for links in lens spaces. We will later use properties of these extensions
to prove invariance of the GRID invariants defined in Section 4.
We now turn to the definition of the chain map for a column commutation, the case of a
row commutation is similar. Suppose that G′ is obtained by commuting two adjacent columns
of G. It is useful to draw both G and G′ on a T 2 simultaneously. Note that replacing βi ∈ β
by the curve γi depicted in Figure 7 gives the diagram G
′. The curve γi intersects βi in two
points. Let θ ∈ γi ∩ βi denote the point at the top of the bigon in T 2 r {γi ∪ βi} whose left
boundary consists of an arc along βi.
We set γ = β r βi ∪ γi, so that G′ = (T 2,γ,α,w, z).
Definition 3.9. Fix x ∈ Tβ ∩Tα and y ∈ Tγ ∩Tα. A pentagon from x to y is an embedded
disk p ⊂ T 2 whose boundary consists of five arcs, each of which lies along some β,γ, and α
curve, satisfying the conditions:
• Four corners of p are in x ∪ y.
• p has multiplicity 1/4 at each of its corners.
• The portion of ∂p along the α curves is an oriented path from y to x.
The set of pentagons from x to y is denoted Pent(x,y).
Note that Pent(x,y) is empty unless x and y share n − 2 components. Moreover the set
of pentagons between two generators consists of at most one element. The fifth corner of any
pentagon must be θ.
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Figure 7. The solid and hollow dots depict w and z basepoints, respectively.
The brown square depicts θ. The green curve is γi. The domain of a pentagon
is shaded.
A pentagon p ∈ Pent(x,y) is said to be empty if the interior of p is disjoint from x and y,
the set of such pentagons is denoted Pent◦(x,y).
We define a map P : CFK−(G)→ CFK−(G′) by
P (x) =
∑
y∈Tγ∩Tα
∑
p∈Pent◦(x,y)
p∩w=∅
U
z0(p)
0 U
z1(p)
1 . . . U
zn−1(p)
n−1 · y.
P is a chain map, and induces an isomorphism on homology. The proof of these facts is a
straightforward adaptation of the arguments appearing in [MOST07].
We avoid defining the quasi-isomorphisms associated to destabilizations, instead we define
their restrictions to certain subcomplexes.
Remark 3.10. The chain maps, and all facts asserted about them, are discussed in detail
in Chapter 5 of [OSS15]. Slightly different conventions are used, and only grid diagrams for
knots in S3 are considered. Translating to our conventions and generality is just a matter of
changing notation.
Let G′ be obtained by performing a stabilization near a w basepoint of G. By renumber-
ing the variables we think of CFK−(G) as an F[U1, . . . , Un]-module, and CFK−(G′) as an
F[U0, . . . , Un]-module. Let CFK−(G)[U0] denote the bigraded complex CFK−(G)⊗F[U1,...,Un]
F[U0, . . . , Un], where x ⊗ Uk0 has bigrading (d − 2k, s − k) for a homogenous x ∈ CFK−(G)
having bigrading (d, k).
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There is a natural projection
pi : H∗(CFK−(G)[U0]) ' HFK−(G)[U0]→ HFK
−(G)[U0]
U0 + U1
' HFK−(G).
Let β′ and α′ be the pair of curves introduced in the stabilization. There is a distinguished
intersection point η ∈ β′∩α′. Let I(G′) denote the points of Tβ′∩Tα′ having η as a component,
and let N(G′) denote the complement of I(G′). Let I and N denote the submodules of
CFK−(G′) generated by I(G′) and N(G′) over F[U0, . . . , Un], respectively.
There is a natural one-to-one correspondence between I(G′) and Tβ ∩Tα. This extends to
give an isomorphism of F[U0, . . . , Un]-modules
e : I→ CFK−(G)[U0].
If we are considering a stabilization of type W:NE or W:SW then e is a bigraded map, otherwise
it is homogenous of degree (1, 1).
For stabilizations of type W:NW or W:SE, N is easily seen to be a subcomplex of CFK−(G′).
In these cases we will need a chain homotopy equivalence
HIw1 : N→ I
defined by
HIw1(x) =
∑
y∈I(G′)
∑
r∈Rect◦(x,y)
r∩w=w1
U
z0(p)
0 U
z1(p)
1 . . . U
zn(p)
n · y.
Proposition 3.11. (See Proposition 5.4.1 of [OSS15]) If G′ is obtained from G by a stabiliza-
tion, then there is an isomorphism of bigraded F[U ]-modules from HFK−(G′)→ HFK−(G).
In particular:
• If the stabilization is of type W:NW or W:SE, the restriction of the above isomorphism
to cycles coming from the subcomplex N is the map pi ◦ (e ◦ HIw1)∗.
• If the stabilization is of type W:NE or W:SW, then I is a subcomplex of CFK−(G′).
The restriction of the above isomorphism to cycles coming from the subcomplex I is
given by pi ◦ e∗.
4. The GRID invariants for links in lens spaces
Given a grid diagram G = (T 2,α,β, z,w), consider the diagram G = (T 2,β,α,w, z) for
(−L(p, q),K), and the generator x+ ∈ CFK−(G) (respectively x−) having components which
are in the upper left (respectively lower right) corners of regions in T 2 r (β ∪ α) containing
points of w. In this section we refer to G as a grid diagram for K.
Lemma 4.1. The generators x+,x− ∈ CFK−(G) are cycles.
Proof. The differential for the complex CFK−(G) counts parallelograms (Proposition 2.1 of
[BGH08]). Suppose that P is a parallelogram contributing to the differential of x+, let x
denote the component of x+ in the top left corner of P . The parallelogram P now clearly
contains a w basepoint. The proof for x− is similar. 
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For the case of a grid diagram G representing a link in the three sphere, the following was
proven in [OST08]:
Theorem 4.2. (combination of Theorems 1.1 and 7.1 from [OST08]) If G is a grid diagram
for a link K = K1∪K2∪· · ·∪Kl ⊂ S3, let L and T be the corresponding oriented Legendrian and
transverse representatives of K. The homology class [x+] in HFK−(−S3, L) is an invariant
of L and T up to Legendrian and transverse isotopy, respectively. The class [x−] is also an
invariant of L up to Legendrian isotopy. These invariants are supported in multi-gradings
M(x+) = tb(L)− rot(L) + 1 = sl(T ) + 1
ALi(x
+) =
1
2
(
tb(Li)− roti(L) + 1
)
=
1
2
(
sli(T ) + 1
)
M(x−) = tb(L) + rot(L) + 1 and ALi(x
−) =
1
2
(
tb(Li) + rot
i(L) + 1
)
.
Remark 4.3. The conventions used in [OST08] differ from ours, the above has been translated
to our conventions. In [BVVV13] their version of [x+] has been shown to agree with the BRAID
invariant (also defined in [BVVV13]). Using the same proof (in the case of S3), the invariant
we will construct can also be shown to agree with the BRAID invariant, and in particular the
invariant defined in [OST08].
We establish Theorem 1.1 in a sequence of Lemmas and Propositions.
Let G be a grid diagram encoding a Legendrian link L ⊂ (L(p, q), ξUT ). We begin by
showing that [x+], [x−] ∈ HFK−(G) are invariants of the oriented Legendrian isotopy class
of L. In light of Theorem 2.9 it suffices to prove invariance under the elementary Legendrian
grid moves, which are commutations along with (de)stabilizations of types W:NE and W:SW.
Lemma 4.4. The classes [x+] and [x−] ∈ HFK−(G) are invariant under commutations. In
particular, if G′ is obtained from G by a commutation move then the quasi-isomorphism
P : CFK−(G)→ CFK−(G′)
sends x+(G) and x−(G) to x+(G′) and x−(G′), respectively.
Proof. Let G and G′ differ be grid diagrams differing by a commutation. Recall that in
Subsection 3.5 we defined a quasi-isomorphism
P : CFK−(G)→ CFK−(G′)
which counts empty pentagons. There is an obvious empty pentagon p ∈ Pent◦(x+(G),x+(G′)),
see Figure 7. It is easy to see that p is the unique empty pentagon connecting x+(G) to any
point of Tγ ∩ Tα. If p′ is a pentagon other than p having upper right corner at a component
of x+(G), then p′ contains a parallelogram of T 2r {β ∪α} having a w basepoint, so p′ is not
empty. We have established that P (x+(G)) = x+(G′). The proof that P (x−(G)) = x−(G′) is
similar, the picture is obtained by rotating the diagram of Figure 7 by 180 degrees. 
Proposition 4.5. Suppose that G′ is obtained from G by applying a destabilization of type
W:NE or W:SW. There is an isomorphism
HFK−(G′)→ HFK−(G)
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sending [x+(G′)] and [x−(G′)] to [x+(G)] and [x−(G)], respectively.
Proof. Suppose that G′ is obtained form G by applying a destabilization of type W:NE.
Note that the generator x+(G′) lies in the subcomplex I of CFK−(G′). The second half of
Proposition 3.11 tells us that the isomorphism
HFK−(G′)→ HFK−(G)
induced by destabilization of type W:NE maps [x+(G′)] to pi◦e∗([x+(G′)]) = pi([x+(G)]⊗1) =
[x+(G)]. The case of a (de)stabilization of type W:SW is similar.
The proof of invariance for the class [x−] is similar. 
We have shown that if a grid diagram G encodes a Legendrian link L ⊂ (L(p, q), ξUT )
then the classes [x±(G)] ∈ HFK−(G) are invariants of the oriented Legendrian link L up to
Legendrian isotopy, we denote them by λ±(L).
We establish the behavior of the invariants λ±(L) under Legendrian stabilizations.
Proposition 4.6. Let L− (respectively L+) denote a negative (respectively positive) Legen-
drian stabilization along some component of Li ⊂ L of L, in (L(p, q), ξUT ). We have that
λ+(L−) = λ+(L) λ−(L−) = U · λ−(L)
λ+(L+) = U · λ+(L) λ−(L+) = λ−(L).
Proof. Let G be a grid diagram encoding the Legendrian link L. Let G− (G+) be a grid
diagram obtained from G by performing some W:SE (W:NW) stabilization; recall that stabi-
lizations of this type correspond to negative (positive) Legendrian stabilizations.
Recall the notation established in the discussion preceding Proposition 3.11. Note that
both x±(G−) (respectively x±(G+)) lie in the subcomplex N of CFK−(G−) (respectively
CFK−(G+)). We will show that the compositions (there are really two such maps, one from
the subcomplex of CFK−(G−), and one from the subcomplex CFK−(G+))
e ◦ HIw1 : N→ CFK−(G)[U0]
map the the distinguished generators as follows:
x+(G−)→ x+(G)⊗ 1 x+(G+)→ x+(G)⊗ U0
x−(G−)→ x−(G)⊗ U0 x−(G−)→ x−(G)⊗ 1.
The first half of Proposition 3.11 will then give the desired result.
The rectangles illustrated in Figure 8 are the only ones emanating from x±(G±) disjoint
from all points of w r w1, and hence the only rectangles contributing to HIw1(x±(G+)) or
HIw1(x±(G−)). In each case it is straightforward to post-compose with the map e and check
that the composition behaves as desired.

Proposition 4.7. The GRID invariants have SpinC structures agreeing with those of the
contact plane fields. In particular
sw(θ) = sw(λ
+) = sξUT and sw(λ
−) = sξUT .
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W0
α0
β0
Z0
W1
W0
α0
β0
Z0
W1
W1
α0
β0
Z0W0
W1
α0
β0
Z0W0
Figure 8. The domains of rectangles contributing to HIw1(x±(G+)) or
HIw1(x±(G−)) are shaded above. In each case, the orange dots are compo-
nents of x±(G±).
Proof. Note that moving the z basepoints has no effect on SpinC structure sw(x
+). In light of
the previous two propositions, stabilizations of any kind have no effect on the SpinC structure
as well. Using these two types of moves, we may go from an arbitrary grid diagram G to a
grid number one diagram for the binding B of the standard rational open book supporting
ξUT .
For this grid number one diagram, the generator x+ is easily seen to have maximal Alexan-
der grading. (This is trivial to check using Lemma 3.5). By Theorem 1.1 of [HP13], it
follows that [x+] ∈ ĤF (T 2,β,α,w) represents the contact invariant c(ξUT ), in particular
sw(x
+) = sξUT .
Rotating the grid diagram by 180 degrees, noting that this corresponds to co-orientation
reversal of the contact structures, and carrying out the same argument gives the analogous
result for x−. 
Corollary 1.2 follows immediately. Recall that if T is the positive transverse push-off of a
Legendrian L, then we denote by θ(T ) = λ+(L) the transverse invariant.
We turn to the computation of the bigradings of λ±(L). Recall that ∆n ∈ Bn denotes the
Garside element, so that ∆2n is the full twist on n strands.
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Proposition 4.8. Let L and T denotes Legendrian and transverse links, respectively. The
invariants λ+(L), λ−(L) and θ(T ) are supported in Maslov gradings
M(λ+(L)) = tbQ(L)− rotQ(L) + 1
p
− d(p, q, q − 1)
M(λ−(L)) = tbQ(L) + rotQ(L) +
1
p
− d(p, q, q − 1)
M(θ(T )) = slQ(T ) +
1
p
− d(p, q, q − 1)
Proof. We prove the third equality. Let β ◦ δq/p be an n-braid representing T , and let β1
denote the 1-braid. Let G be a grid diagram for β ◦ δq/p. We may take a p-fold cover of G to
get a grid diagram for βp ◦ (∆2)q. Likewise, we may cover a grid diagram for the braid τ1 ◦δq/p
by a grid diagram for the 1-braid τ1. The gradings of the GRID invariants in (S
3, ξstd) have
been computed, see Theorem 4.2, we have
M(θ(βp ◦ (∆2)q)) = sl(βp ◦ (∆2)q) + 1 = pw(β) + (qn− 1)(n− 1)
M(θ(τ1)) = sl(τ1) + 1 = 0
where w(β) is the writhe of β.
Theorem 2.6 of [LL08] allows us to compute the grading difference:
M(θ(β ◦ δq/p))−M(θ(β1 ◦ δq/p))
=
1
p
(M(θ(βp ◦ (∆2)q))−M(θ(β1)))
= w(β) +
1
p
(qn2 − qn− n+ 1)
= slQ(β ◦ δq/p) + 1
p
where the last equality uses Lemma 2.20.
Note that τ1 ◦ δq/p can be encoded with a grid number one diagram. In this diagram, the
Maslov grading M(θ(τ1 ◦ δq/p)) has been computed in [OS03] to be −d(p, q, q − 1) where the
function d is recursively defined by
d(1, 0, 0) = 0
d(p, q, i) =
(pq − (2i+ 1− p− q)2
4pq
)
− d(q, r, j)
where r and j are the reductions of p and i modulo q, respectively. The minus sign comes
from our orientation conventions being opposite to that of [OS03].
Note that the first equality follows from the third, for if T is the positive transverse push-off
of a Legendrian L ⊂ (L(p, q), ξUT ) then we have that slQ(T ) = tbQ(L)− rotQ(L).
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The second equality follows from the first by another application of [LL08] and [OST08].
Let L˜ denote the pre-image of L under the contact universal cover.
M(λ+(L))−M(λ−(L))
=
1
p
(M(λ+(L˜))−M(λ−(L˜))
=
1
p
((tb)L˜)− rot(L˜) + 1)− (tb(L˜) + rot(L˜) + 1)
=
1
p
(−2rotL˜) = −2rotQ(L)

Proposition 4.9. Let L = L1 ∪ · · · ∪ Ll and T ∪ · · · ∪ Tl denote Legendrian and transverse
links, respectively. The invariants λ+(L), λ−(L) and θ(T ) are supported in Alexander gradings
ALi(λ
+(L)) =
1
2
(
tbQ(Li)− rotiQ(L) + 1
)
ALi(λ
−(L)) =
1
2
(
tbQ(Li) + rot
i
Q(L) + 1
)
ATi(θ(T )) =
1
2
(
sliQ(T ) + 1
)
.
Proof. This is a straightforward combination of Lemmas 2.19 and 3.7 with Theorem 4.2. 
This completes the proof of Theorem 1.1.
Proposition 4.10. For any Legendrian link L or transverse link T in (L(p, q), ξUT ) the ho-
mology classes λ+(L) and θ(T ) do not vanish; the classes are non U-torsion, i.e. for any
n ≥ 1 we have that Un · λ+(L) 6= 0 and Un · θ(T ) 6= 0
Proof. Let L ⊂ (L(p, q), ξUT ) be an arbitrary Legendrian encoded by a grid diagram G.
Consider the complex
C ′(G) = CFK−(G)/{Ui = 1}n−1i=0 .
It suffices to show that the homology class [x+] is non-zero in H∗(C ′(G)). Note that the z
basepoints do not have any effect on the differential, so we may move them as we like. The
isomorphisms associated to each (de)stabilization preserve the class [x+].
It is easy to go from G to some grid number one diagram D using some sequence of
relocations of the z basepoints and destabilizations. There is an induced isomorphism
H∗(C ′(G))→ H∗(C ′(D))
taking [x+(L)] to [x+(D)]. Since D is a grid number one diagram, the complex C ′(D) has no
differential and [x+(D)] is non-zero. 
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5. The BRAID invariant
In this section we review the definition of the BRAID invariant, defined in [BVVV13]. The
definition is reminiscent of the definition of the contact invariant given in [HKM09].
Let (B, pi) be an open book supporting (Y, ξ). Let (S, φ) be the abstract open book corre-
sponding to (B, pi), and let g be the genus of a fiber. If K is an index k braid with respect to
(B, pi), K is specified by a lift φ̂ ∈MCG(S r {p1, . . . , pk}, ∂S) of φ.
Definition 5.1. A basis of arcs {ai}2g+k−11 ⊂ S r {p1, . . . , pk} is a collection of properly
embedded disjoint arcs which cut S r {p1, . . . , pk} into k discs, each having precisely one of
the pi.
Let {bi}2g+k−11 be another basis of arcs, where bi is obtained by slightly moving the endpoints
of ai in the oriented direction of ∂S, and isotoping in S r {p1, . . . , pk} so that bi intersects ai
transversely in a single point.
Let Σ denote the surface S1/2 ∪ −S0. For each i, let
αi = ai × {0, 1/2}
βi = bi × {1/2} ∪ φ̂(bi)× {0}
zi = pi × {0}
and wi = pi × {1/2}
Let α = {α1, . . . , αk}, β = {β1, . . . , βk}, z = {z1, . . . , zk}, and w = {w1, . . . , wk}. Then
H = (Σ,β,α,w, z) is a multi-pointed Heegaard diagram encoding (−Y,K).
Each αi intersects βi in a single point in the region S1/2 denoted xi. Let x ∈ Tβ ∩ Tα
denote the generator having component xi on αi. The homology class [x] ∈ HFK−(−Y,K) is
an invariant of the transverse isotopy class of K (Theorem 3.1 of [BVVV13]). The invariant
is denoted t(K), and we refer to it as the BRAID invariant.
5.1. The transverse invariant of a braid and its axis. Suppose that (B, pi) is an open
book decomposition, with B having n components, supporting (Y, ξ). Let (S, φ) be the ab-
stract open book corresponding to (B, pi), where S has genus g. As discussed in subsection
2.1 the binding B is naturally a transverse link that may be braided about the open book via
a transverse isotopy. Abusing notation, we denote the resulting n-braid B.
B is specified by a lift φ̂ ∈ MCG(S r {p1, . . . , pn}) of φ. Thinking of φ as fixing a collar
neighborhood ν(∂S) of the boundary, one obtains φ̂ by composing φ with n push maps sup-
ported in ν(∂S). See Figure 9 for the push maps and a basis of arcs {ai}2g+n−11 ∪{a2,i}2g+n−12g+1
for S r {p1, . . . , pn}.
The basis of arcs along with φ̂ specify a Heegaard diagram D = (Σ,β,α,wB, zB), along
with a generator xD, shown in Figure 10 for (−Y,B), as described in Section 5. The homology
class [xD] ∈ HFK−(D) is the braid invariant t̂(B). The labelling of the basis arcs induces a
labelling of the β and α curves.
By applying an isotopy to D, we obtain the Heegaard diagram D pictured in Figure 11.
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p1 p2 p3
a1
a2
a3
a4
a2,5 a2,6
a5 a6
Figure 9. The basis of arcs {ai}2g+n−11 ∪ {a2,i}2g+n−12g+1 for the case n = 3 and
g = 2 is depicted in red. The push maps, supported in the shaded neighborhood
ν(∂S), go in the orientation of ∂S and are depicted in blue.
S1/2
Figure 10. A portion of the Heegaard diagramD for (−Y,B) in the case g = 1
and n = 3. The wB and zB basepoints are depicted with solid and hollow dots,
respectively. The homology class of the generator depicted by orange dots, in
ĤFK(D), is equal to the transverse invariant t̂(B). The indexing of the basis
in Figure 9 induces an indexing of the α and β curves in D.
Now let K be a link braided about B having braid index k. We may add k pairs of
basepoints w, z, and curves to D to obtain a new diagram H = (Σ,β,α,w ∪wB, z∪ zB), see
Figure 12, which encodes (−Y,K ∪B). We reindex the β and α curves for our convenience.
H is isotopic to the usual diagram appearing in the definition of the braid invariant when
considering a particular basis of arcs for Sr{p1, . . . , pn+k}. The generator xH pictured in the
figure has homology class t̂(K) ∈ ĤFK(H).
In earlier work we use the diagrams D and H to prove Theorem 5.2, which plays an impor-
tant role in the next section.
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S1/2
Figure 11. A portion of the Heegaard diagram D obtained from D via and
isotopy. The generator xD, whose homology class is t̂(B), is depicted by orange
dots. The purple multi-curve depicts an oriented (as ∂S) longitude for B.
S1/2
wK wK
α1 α2
Figure 12. A portion of the diagram H in the case k = 2, g = 1, and n = 2.
The k pairs of alpha/beta curves introduced to encode K are indexed 1, . . . , k
left to right. The rest of the curves are indexed as before (see Figures 9 and
10) with a shift of k in the first coordinate. The orange dots are components
of xH. The wB ∪w and zB basepoints are depicted with solid and hollow dots,
respectively.
Theorem 5.2. (Theorem 1.1 of [TN18]) Let (B, pi) be an open book supporting (Y, ξ). If K
is braided about B, then t̂(B ∪K) ∈ ĤFK(−Y,B ∪K) is nonzero.
5.2. A Reformulation of the BRAID invariant t. Let (B, pi) be an open book decompo-
sition supporting (Y, ξ), where the binding B has n components. Let (S, φ) be the abstract
open book corresponding to (B, pi), where S has genus g. Let K ⊂ Y be an index k braid
about B having m components.
In this section we reformulate the transverse invariant t(K) in terms of the Alexander
filtration induced by −B on CFK−(−Y,K).
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Let H = (Σ,β,α,w ∪ wB, z ∪ zB) be the diagram for (−Y,K ∪ B) of Figure 12. Let
wB = z−B and zB = w−B as sets. Swapping these sets of basepoints corresponds to reversing
the orientation of B, so H˜ = (Σ,β,α,w ∪w−B, z ∪ z−B) is a diagram for (−Y,K ∪ −B).
H0 = (Σ,β,α,w, z ∪ z−B) is a diagram for (−Y,K) with n free basepoints. Let x0 ∈
CFK−,n(H0) be the generator corresponding to xH of Figure 12. −B induces an Alexander
filtration on CFK−,n(H0):
∅ = F−Bi (H0) ⊂ F−Bi+1(H0) ⊂ · · · ⊂ F−Bl (H0) = CFK−,n(H0)
Let
b = min{j|H∗(F−Bj (H0)) 6= 0}.
Let D = (Σ, {βk+1, . . . , β2g+2n+k−2}, {αk+1, . . . , α2g+2n+k−2},wB, zB) be the diagram for
(−Y,B) from the previous section, where we have preemptively reindexed the curves and
basepoints, so that each entry of the tuple for D is a subset of the analagous entry for H.
Consider the Heegaard diagram D˜ = (Σ, {βk+1, . . . , β2g+2n+k−2}, {αk+1, . . . , α2g+2n+k−2}, z−B)
for −Y with n basepoints.
As above, −B induces a filtration on ĈF (D˜). Let
r = min{j|H∗(F−Bj (D˜)) 6= 0}.
Note that r = −g − n+ 1.
Lemma 5.3. A generator of CFK−,n(H0) lies in F−Bb (H0) if and only if each of its compo-
nents is in the region S1/2. Likewise, a generator of ĈFK(D˜) lies in F−Br (D˜) if and only if
each of its components is in the region S1/2.
Proof. In both cases, The portion of the diagram S1/2 is a relative periodic domain for B.
The result following immediately by applying Lemma 3.5.

Lemma 5.4. As complexes we have F−Bb (H0) ' (V1⊗V2⊗· · ·⊗Vk)⊗Fr−B(D˜), where each Vi
is a free rank two F[U1, . . . , Um]-module with basis {xi, yi}. Let σ ∈ Sk denote the permutation
of the points {p1, . . . , pk} given by the monodromy φ̂. The differential on Vi is as follows
∂xi = 0 ∂yi = (Ui + Uσ(i))xi
Proof. For y ∈ Tβ ∩Tα let (y)i, (y)i, denote the component of y on αi, βi, respectively. Note
that in the region S1/2, for 1 ≤ i ≤ k, the curve αi intersects only the curves βj with j ≤ i. If
generator y lies in F−Bb (H0), it must be the case that (y)i = (y)i for each 1 ≤ i ≤ k.
Let xi, yi, denote the point of αi∩βi in the region S1/2 of higher, respectively lower, Maslov
grading. For each i ≤ k there are no disks leaving xi which contribute to the differential. There
are exactly two disks from yi to xi. One disks passes through the point zi, the other through
zσ(i).

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Proposition 5.5. If Y is a QHS3, then Htop(F−Bb (H0)) ' F[U1, . . . , Um] and is generated
by the homology class of x0 ∈ Tβ ∩ Tα.
Proof. t̂(B) = [xD] ∈ ĤFK(−Y,B,−r) is nonzero (Theorem 5.2). By Proposition 2.2 of
[Ni06] ĤFK(−Y,B,−r) is rank one.
It follows that H∗(F−Br (D˜)) ' ĤFK(−Y,−B, r) is generated by [xD˜], the homology class
of a generator having components same as xD of Figure 11.
In the previous lemma x0 is identified with (x1⊗· · ·⊗xk)⊗xD˜. Note that there are obvious
domains (unions of index one disks) having positive Maslov index from the intersection point
x0 to any other point of V1 ⊗ V2 ⊗ · · · ⊗ Vk.
Thus [x0] generates Htop(F−Bb (H0)) ' F[U1, . . . , Um].

Remark 5.6. The assumption that Y is a QHS3 is in place so that the absolute Maslov Q
grading is defined. This technical assumption may be replaced with the assumption that sξ is
torsion. Alternatively, one may consider the basepoint action ψw on H∗(F−Bb (H0)) for each
w ∈ w. Then [x0] generates
⋂
w∈w coker(ψw) ' F[U1, . . . , Um].
We now relate the class [x0] to t(K).
Consider the triple diagram (Σ,β′,β,α,w, z∪ z−B) shown in Figure 13. The set of curves
β′ is handleslide equivalent to β in the complement of all basepoints. For
2 ≤ i ≤ 2g + k and
2g + k + 1 ≤ j ≤ 2g + n+ k − 1,
β′i, β
′
2,j , is gotten by applying a small isotopy to βi, β2,j , respectively. LetH1 = (Σ,β′,α,w, z∪
z−B). Let Θ denote the generator of CFK−,n(Σ,β′,β,w, z∪z−B) in the top Maslov grading.
Consider the triple diagram (Σ,β′,α,α′,w, z∪ z−B) shown in Figure 14. The set of curves
α′ is handleslide equivalent to α in the complement of all basepoints. For
2 ≤ i ≤ 2g + k and
2g + k + 1 ≤ j ≤ 2g + n+ k − 1,
α′i, α
′
2,j , is gotten by applying a small isotopy to αi, α2,j , respectively. LetH2 = (Σ,β′,α′,w, z∪
z−B). Abusing notation, let Θ denote the generator of CFK−,n(Σ,α,α′,w, z ∪ z−B) in the
top Maslov grading.
Proposition 5.7. Let
F0,1 : HFK
−,n(H0) '−→ HFK−,n(H1)
F1,2 : HFK
−,n(H1) '−→ HFK−,n(H2)
denote the isomorphisms induced by the triple diagrams above. The composition F0,2 = F1,2 ◦
F0,1 sends the class [x0] to the class [x2].
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0
0
a c
d e
Figure 13. The α,β and β′ curves are red, blue, and green, respectively. The
generators x0, Θ and x1 are represented by orange dots, brown squares, and
yellow stars, respectively. The w and z−B basepoints are depicted with solid
and grey dots, respectively.
R
1
0
0 0
0 0
0
Figure 14. The α,β′ and α′ curves are red, blue, and green, respectively. The
generators x1, Θ and x2 are represented by orange dots, brown squares, and
yellow stars, respectively. To make the diagram simpler, we have performed
an isotopy of α and β′ curves and moved the leftmost basepoint z−B in the
complement of said curves (before drawing the α′ curves).
Proof. The isomorphisms F0,1 and F1,2 are induced by pseudo-holomorphic triangle counting
maps f0,1 and f1,2 respectively. We first prove that f0,1(x0) = x1.
Suppose that u ∈ pi2(Θ,x0,y) is a Whitney triangle of Maslov index one which admits a
pseudo-holomorphic representative. We claim that y = x1 and that the domain D(u) is a
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disjoint union of small triangles pictured in Figure 13. In this case u has a unique pseudo-
holomorphic representative. We prove this claim by analyzing the multiplicities of D(u) near
the generators x0 and Θ. First, we analyze the multiplicities near the small triangle shaded
black in Figure 13.
The diagram in the upper right of the figure shows the local multiplicities in the regions near
the triangle. The region just outside the triangle adjacent to the β′ curve contains a basepoint
of w, so the local multiplicity in this region is zero. The region opposite to the triangle at
the corner having a component of x0 contains a basepoint z−B, so the local multiplicity is
zero there as well. Since Θ and x0 are corners of D(u) it follows that b + d = a + 1 and
b = a+ c+ 1. Subtracting the second equation from the first we get that d = −c. Because u
admits a pseudo-holomorphic representative all multiplicities of D(u) must be non-negative;
it follows that d = c = 0 and b = a + 1. If the component of x1 on the vertex of this small
triangle is not a corner of D(u), it follows that b+ e = 0, which in turn implies b = e = 0 and
a = −1, a contradiction.
Let p ∈ Σ be the point denoted by a pink triangle in Figure 13. We have already shown
that the multiplicities in three of the regions (all but R) which have a corner at p are equal
to zero. Since p is not a corner of D(u), it follows that the multiplicity in the region labeled
R is also equal to zero.
The multiplicities of regions near all the shaded small triangles now are identical to that of
the multiplicities near the black triangle studied above. The claim follows.
To prove that f1,2(x1) = x2 one uses a similar argument to show that the multiplicities of
the domain of any triangle v ∈ pi2(x1,Θ,y) admitting a pseudo-holomorphic representative
are equal to 1 in each shaded triangle of Figure 14 and zero elsewhere. As before, one must
study multiplicities around the black triangle first to see that the multiplicity in the region
labelled R must be zero.

Observe that in H2 we have small configurations about each point of z−B. By performing
n free index 0/3 destabilizations to remove all points of z−B we obtain a new diagram T and
generator x, see Figure 15. Let T denote the diagram used in the definition of the BRAID
invariant when using the basis for S r {p1, . . . , pk} pictured on the left half of Figure 16. We
modify T to obtain T by applying some finger moves along the β-curves in the region −S0,
which in turn may be realized via an isotopy of φ̂. Since t(K) is invariant under isotopy of φ̂
([BVVV13]) we have that [x] = t(K) ∈ HFK−(T ).
The compositions of projection and inclusion maps
jn : CFK−,n(H2)→ CFK−(T )
in : CFK−(T )→ CFK−,n(H2)
defined in subsection 3.1, send generators x2 to x and x to x2, respectively. In light of
Proposition 5.7 the following is evident:
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wK wK
Figure 15. The diagram T . The generator x is depicted with orange dots.
p1 p2
−S0
Figure 16. To the basis on the left we may associate the diagram on the right.
Applying finger moves along the β curves in the region −S0, which corresponds
to isotopy of the monodromy, results in the diagram of Figure 15.
Proposition 5.8. The compositions
(jn)∗ ◦ F0,2 : HFK−,n(H0)→ HFK−(T )
F−10,2 ◦ (in)∗ : HFK−(T )→ HFK−,n(H0)
send [x0] to [x] = t(K) and [x] = t(K) to [x0], respectively. In particular, [x0] lies in the
summand
⋂
z∈z−B coker(ψz).
6. The BRAID invariant t and Rational Open Books
In this short section we show that the reformulation of t(K) from the previous section gen-
eralizes to braids about rational open books having connected binding. Let (B, pi) denote a
rational open book decomposition for Y with connected binding, such an open book supports
a unique contact structure (see Theorem 1.7 [BEVHM12]) ξ. Let K ⊂ Y denote a link braided
about B with m components. As in the integral case, K is naturally a transverse link in (Y, ξ).
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We may choose a diagram
(Σ,β0
′,α0, w−B, z−B) for (−Y,−B)
such that β0 ⊂ β0′ is a meridian for −B, and such that β0 intersects only α0 among all
α0 curves, and does so in a single point. In proving Proposition 3.1 of [HP13], Hedden and
Plamenevskaya perform some finger moves to β′0, getting a new curve β0, this gives us a new
Heegaard diagram
B = (Σ,β0,α0, w−B, z−B) for (−Y,−B)
such that replacing w−B with another point w−B′ results in a diagram
B′ = (Σ,β0,α0, w−B′ , z−B) for (−Y,−B′),
where B′ is some (P, Pn+1) genuinely fibered cable of B. Using relative periodic domains for
longitudes of B and B′ to study the Alexander gradings, Hedden and Plamenevskaya identify
the complexes ĈFK(B, bot) and ĈFK(B′, bot′) with each other.
By starting with a diagram
(Σ,β′,α,w ∪ w−B, z ∪ z−B) for (−Y,K ∪ −B)
such that β0 ⊂ β′ is a meridian for −B, and such that β0 intersects only α0 among all α
curves, and does so in a single point, we may perform the same finger moves to β0 as in the
proof of Proposition 3.1 of [HP13], getting a diagram
D˜ = (Σ,β,α,w ∪ w−B, z ∪ z−B) for (−Y,K ∪ −B)
such that replacing w−B with another point w−B′ results in a diagram
D˜′ = (Σ,β,α,w ∪ w′−B, z ∪ z−B) for (−Y,K ∪ −B′).
Let D = (Σ,β,α,w, z∪ z−B). Both −B and −B′ induce filtrations on CFK−,1(D). Copying
the proof of Proposition 3.1 of [HP13], with minor changes in notation, shows that F−Bbot (D) =
F−B′bot′ (D) as complexes.
Proposition 6.1. Let B ⊂ Y be a rationally fibered knot, with Y a QHS3. Let K be a link
braided about B with m components.
Let G˜ = (Σ,β,α,w∪w−B, z∪ z−B) be a Heegaard diagram for (−Y,K ∪−B) with a pair of
basepoints encoding −B. G0 = (Σ,β,α,w, z ∪ z−B) is a Heegaard diagram for (−Y,K) with
1 free basepoint. −B induces an Alexander filtration on the complex CFK−,1(G0)
∅ = F−Bi (G0) ⊂ F−Bi+1(G0) ⊂ · · · ⊂ F−Bj (G0) = CFK−,1(G0)
Htop(F−Bbot (G0)) is a rank one F [U1, . . . , Um]-module.
Proof. The diagram G˜0 is related to D˜ by a sequence of handleslides and isotopies avoiding all
basepoints, together with index 1/2 (de)stabilizations and linked index 0/3 (de)stabilizations
involving only the basepoints in w ∪ z. This sequence of moves give rise to chain maps, the
composition of which
g : CFK−,1(G0)→ CFK−,1(D)
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respects the Maslov grading and the filtration induced by −B.
Similarly, the diagram D˜′ is related to H˜0 of the previous section by a sequence of han-
dleslides and isotopies avoiding all basepoints, together with index 1/2 (de)stabilizations and
linked index 0/3 (de)stabilizations involving only the basepoints in w ∪ z. This again gives
rise to a chain map
h : CFK−,1(D)→ CFK−,1(H0)
which also respects the Maslov grading and the filtration induced by −B′.
The isomorphism
(h ◦ g)∗ : Htop(F−Bbot (G0))→ Htop(F−B
′
bot′ (H0))
combined with Proposition 5.5, shows that Htop(F−Bbot (G0)) is rank 1. 
The following is now evident:
Lemma 6.2. Let
Q : HFK−,1(G0)→ HFK−,1(H0)
denote the isomorphism induced on homology by h◦g. Suppose that [xG0 ] generates Htop(F−Bbot (G0)),
then Q([xG0 ]) = ([x0]).
Because the free index 0/3 (de)stabilization maps commute with all of the maps above, the
reformulation of the BRAID invariant of the previous section extends to the case of braids
about rational open books having connected binding.
Remark 6.3. The assumption that Y is a QHS3 can be weakened, see Remark 5.6. The case
of disconnected rational binding can be dealt with similarly, although it is a bit more work.
We have no use for this in the present paper, so we do not pursue this here.
7. A diagram for lens space braids
In this section we construct a Heegaard diagram T G for (−L(p, q),K) for a link K braided
about about the standard rational open book (B, pi) supporting (L(p, q), ξUT ) described in
Subsection 2.1. We use the reformulation of the transverse invariant to identify a generator
xG ∈ CFK−(T G) whose homology class is t(K).
Recall that the rational open book (B, pi) has disk fibers, the monodromy is a counterclock-
wise 2piq/p boundary twist, and that this rational open book is obtained from the standard
open book for S3 having disk pages by performing −p/q surgery on the unknot U ⊂ S3. The
binding B is the core of the filling torus.
Let K ′ ⊂ S3 denote the pre-image of K under the Dehn-surgery described above. K ′ is
braided about U , suppose that K ′ has braid index k. Consider the Heegaard diagram pictured
on the left side of Figure 17 for (−S3,K ′ ∪ U), this is just the diagram from Figure 12 in the
case of g = 0, n = 1 and that K ′ is a trivial 3-braid (in general the β curves may look different
in −S0, the bottom half of the diagram.).
Stabilizing the diagram and performing a series of handle-slides we obtain the diagram
pictured on the right side of Figure 17. A longitude for U , denoted λU is also pictured in
the diagram. The curves α0 and λU divide the Heegaard torus into two large regions, let A
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wUzU
S1/2
−S0
wUzU
µ
β1
α1
α2
α3
β2
β3
α0
λU
Figure 17. Two diagrams for (−S3,K ∪ U). The second is obtained from
the first by stabilization and handlesliding all the old beta curves over the new
beta curve µ. The w ∪ wU and z ∪ zU basepoints are depicted with solid and
hollow dots, respectively.
denote the top region and A the bottom region, these correspond to the regions S1/2 and −S0,
respectively. For a nontrivial braid, the β curves will look different in the region A.
wU zU
µ
wB
zB
β1
α1
β0
α2 α3
β2 β3
α0
λ
Figure 18. A diagram for a 3-braid in L(3, 1) is pictured on the right. A
longitude λ for −B is pictured in purple.
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Remark 7.1. The generator pictured on the right half of Figure 17 can be shown to represent
t(K ′ ∪ U) using the reformulation of section 5.2. Forgetting the basepoints zU and wU , along
with the pair of curves β1 and α1 we get a diagram for (−S3,K ′). The generator representing
t(K ′) is easily identified as well, again using the reformulation.
We prefer to draw the diagram on a fundamental domain for the torus, see left side of Figure
18. The curve µ is a meridian for U . We may obtain a Heegaard diagram for (−L(p, q), B∪K)
by replacing µ with another curve, β0, and replacing basepoints zU and wU with zB and wB,
see right side of Figure 18.
The curves β0, α0 and λU cut Σ into a large region ∆ lying in A, a large region ∆ lying in
A, and a number of smaller regions. Depending on the braid, the β curves may look different
in the region ∆.
Setting z−B = wB and w−B = zB we reverse the orientation of B. Forgetting the basepoint
w−B we obtain a diagram G0 = (Σ,β,α,w, z ∪ z−B) for (−Y,K) with a single free basepoint
z−B. Let xG0 ∈ CFK−(G0) denote the generator depicted by orange dots. The following is
inspired by Proposition 3.4 of [HP13].
Proposition 7.2. [xG0 ] generates Htop(F−Bbot (G0)).
Proof. The curve β0 is a meridian for B. We may draw a longitude λ for −B on Σ that is
supported in a neighborhood of β0, and intersects β0 transversely in a single point as pictured
in Figure 18. The curve β0 is homologous to −pµ + qα0. λ is homologous to bµ + aα0 for a
and b satisfying pa+qb = −1. Note that bβ0 +pλ is homologous to −α0, so we may consider a
relative periodic domain P whose homology class is negative that of the fiber (of the rational
open book), having boundary α0 + bβ0 + pλ. The multiplicity of P is 1 in the region ∆ and 0
in the region ∆.
Lemma 3.5 tells us that a generator y ∈ Tβ ∩ Tα lies in F−Bbot (G0) if and only if ny(P) is
minimized.
For a generator y, we let (y)i, (y)
i denote the component of y on αi, βi, respectively.
We first claim that any generator y ∈ Tβ ∩Tα minimizing ny(P) must satisfy (y)0 = (y)0.
Seeking a contradiction, suppose that y is a generator minimizing ny(P) such that (y)0 = (y)i
for some i > 0.
The four regions surrounding (y)0 have multiplicities m,m,m+b and m+b, this is because
∂P contains β0 with multiplicity b and does not contain αi. There is an arc κ ⊂ β0 from
(y)0 to a point y0 ∈ α0 ∩ β0 which does not intersect α0 nor λ in its interior. Because all of
the alpha curves κ intersects in its interior have multiplicity zero in ∂P, it is clear that the
multiplicities of P in the four regions surrounding y0 are m− 1,m,m+ b− 1 and m+ b.
It must be the case that (y)0 = (y)
j1 for some j1 > 0. If j1 6= i (in general this can happen,
as the beta curves can be twisted in the region ∆), it follows that (y)j1 = (y)
j2 for some
j2 6= j1. In this way we construct a sequence {j1, j2, . . . jt} having length at most k such that
for 1 ≤ s < t, (y)js = (y)js+1 and (y)jt = (y)i. Note that all of these intersections are in ∆,
and thus have multiplicities equal to 1.
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Let y′ be obtained from y by replacing (y)0 with y0, (y)i with (xG0 )i, and (y)js with (xG0 )js
for each 1 ≤ s ≤ t. We conclude that ny(P)− ny′(P) = 1 + t, proving the claim.
In the following lemma we will show that (xG0 )
0 contributes minimally to ny(P) among all
points of β0 ∩ α0. Assuming the lemma for now, we proceed with the proof.
For ny(P) to be minimized, the other components of y must be in the region ∆ (otherwise
a component is in ∆, contributing strictly higher multiplicity). Let xi and yi denote the
intersections between βi and αi in the region ∆ having higher and lower Maslov grading,
respectively. It is now clear that F−Bbot (G2) ' V1 ⊗ V2 ⊗ · · · ⊗ Vk where each Vi is a free rank
two F [U1, . . . Um]-module, generated by xi and yi, such that ∂xi = 0. Since (xG0 )i = xi, the
claim is proven.

Lemma 7.3. (xG0 )
0 contributes minimally to ny(P) among all points of β0 ∩ α0.
Proof. Let D = (Σ, β0, α0, z−B). As usual, −B induces a filtration on ĈFK(D). We aim to
prove that (xG0 )
0 has minimal filtration level among all generators.
Proposition 3.4 of [HP13] tells us that there is a unique generator y having minimal filtration
level, however they do not specify which generator.
Note that pa+ qb = −1 =⇒ gcd(b, p) = 1. Thus we may find some (r, s) cable, with r > 0,
−B˜ of −B which is homologous to −µ.
B˜ is also the binding of some rational open book for L(p, q), moreover Theorem 1.8 of
[BEVHM12] tell us that the contact structure supported by this new rational open book is
contactomorphic to ξ.
−B˜ also induces a filtration on ĈFK(D); we claim that (xG0 )0 has minimal filtration level
among all generators. It will then follow from Theorem 1 of [HP13] that [(xG0 )
0] = [c(ξ)] = [y],
hence (xG0 )
0 = y.
Consider the longitude λ˜ for −B˜ pictured in Figure 19. There is a relative periodic domain
P˜ , having homology class that of a negative fiber, with boundary qα0 − β0 + pλ˜. Analyzing
the multiplicities of this domain is trivial, it is clear that n(xG0 )0
(P˜ ) is minimal.

Consider the triple diagrams (Σ,β′,β,α,w, z ∪ z−B) and (Σ,β′,α,α′,w, z ∪ z−B) shown
in Figure 20. The sets of curves β,α, are handleslide equivalent to β′,α′, respectively, in the
complement of all basepoints.
For i 6= 1 the curve β′i is obtained from βi by a small isotopy. β′1 is obtained by sliding β1
over other β curves. The curves α′ are obtained from α via handleslides in the same way.
Let G1 = (Σ,β′,α,w, z∪z−B) and G2 = (Σ,β′,α′,w, z∪z−B). Abusing notation, let Θ de-
note both the top graded generator of CFK−,1(Σ,β′,β,w, z∪z−B) and CFK−,1(Σ,α,α′,w, z∪
z−B). Let xG1 ∈ CFK−,1(G1) denote the intersection point depicted with stars in Figure 20,
and let xG2 ∈ CFK−,1(G2) denote the intersection point depicted with orange dots on the
right half of the figure.
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0 −1 −2 −3 −4 −5 0
1
2
3
1
2
3
Figure 19. The diagram D for L(5, 3) is pictured. A longitude λ˜ for −B˜
is pictured in purple. The multiplicities of P˜ in each region are shown. The
basepoints w−B˜ and z−B are depicted with solid and hollow dots, respectively.
Figure 20. The triple diagrams (Σ,β′,β,α,w, z ∪ z−B) and
(Σ,β′,α,α′,w, z ∪ z−B) are shown on the left and right respectively.
The α,α′,β and β′ curves are drawn red, purple, blue and green respectively.
The generators xG0 and x
G
2 are depicted with orange dots. The generators Θ
are depicted with brown squares. The generator xG1 is depicted with yellow
stars. The w, z, and z−B basepoints are depicted with solid, hollow, and grey
dots, respectively.
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Proposition 7.4. Let
G0,1 : HFK
−,1(G0) '−→ HFK−,1(G1)
G1,2 : HFK
−,1(G1) '−→ HFK−,1(G2)
denote the isomorphisms induced by the triple diagrams above. The composition G0,2 = G1,2 ◦
G0,1 sends the class [x
G
0 ] to the class [x
G
2 ].
Proof. The isomorphisms G0,1 and G1,2 are induced by pseudo-holomorphic triangle counting
maps g0,1 and g1,2 respectively. We outline the proof that g0,1(x
G
0 ) = x
G
1 , proving that
g1,2(x
G
1 ) = x
G
2 requires an similar argument.
Let u ∈ pi2(Θ,xG0 ,y) be a Whitney triangle having corner at some generator y ∈ Tβ′ ∩ Tα
which misses the basepoints w. We claim that u has domain equal to the union of small
gray and black triangles pictured in Figure 20, in which case it has a unique holomorphic
representative. We count the multiplicities of the domain of u. Using the method presented in
the proof of Proposition 5.7, it is immediate that for all i > 0 we have that (y)i = (x
G
1 )i and
that the domain of u contains the small gray triangles. Because the triple diagram corresponds
to the identity cobordism, the induced triangle counting map should preserve SpinC structure.
The only such generator y having the correct SpinC structure is xG1 , and the only Whitney
triangle u ∈ pi2(Θ,xG0 ,xG1 ) having no negative multiplicities is the one desired.

Note that the diagram G2 has a small configuration about the point z−B. Let T G be the
diagram obtained by performing the corresponding free 0/3-index destablization. The maps
j : CFK−,1(G2)→ CFK−(T G)
i : CFK−(T G)→ CFK−,1(G2)
are defined in subsection 3.1. Let xG denote j(xG2 ).
Theorem 7.5. The generator xG has homology class t(K), i.e. [xG] = t(K) ∈ HFK−(−L(p, q),K).
Proof. We are now in position to apply the reformulation of section 6. Let Q be the map
defined in Lemma 6.2. Let x, F0,2,H2 and T be as in Propositions 5.7 and 5.8. Combining
that lemma and those propositions with Propositions 6.1 and 7.2 we have that the composition
F0,2 ◦Q ◦G−10,2 : HFK−(G2)→ HFK−(H2)
is an isomorphism mapping [xG2 ] to [x2].
Moreover, since the maps above commute with the free 0/3 (de)stablization maps, the
composition
(j)∗ ◦ F0,2 ◦Q ◦G−10,2 ◦ (i)∗ : HFK−(T G)→ HFK−(T )
is an isomorphism mapping [xG] to [x] = t(K). 
We will refer to T G as the standard braid diagram for K.
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Lemma 7.6. Let τn ∈ Bn denote the trivial braid having index n. The Maslov gradings of
the GRID and BRAID invariants agree for τn ◦ δq/p. i.e.
M(θ(τn ◦ δq/p)) = M(t(τn ◦ δq/p))
Proof. The β curves of the standard braid diagram for τn ◦ δq/p are particularly simple, and
we can handleslide to a grid diagram having grid number n. Consider the triple diagrams
(Σ,β,α,α′,w, z) and (Σ,β′,β,α′,w, z) pictured in Figure 21. Here, we have initially isotoped
the diagram T G = (Σ,β,α,w, z) so that the final diagram appears more grid like.
Figure 21. The triple diagrams (Σ,β,α,α′,w, z) and (Σ,β′,β,α′,w, z) pic-
tured left and right. The β′,β,α and α′ are drawn green, blue, red and purple,
respectively. The w and z basepoints are depicted with solid and hollow dots,
respectively.. The generators xG and x are depicted with orange dots. The
generators Θ and x′ are depicted with brown squares and yellow stars, respec-
tively.
Let G = (Σ,β′,α′,w, z) and G′ = (Σ,β,α′,w, z). Let x and x′ denote the generators
pictured in the figure. Let Θ denote both the top graded generator in CFK−(Σ,β′,β,w, z)
and CFK−(Σ,α,α′,w, z).
There is a Maslov index zero Whitney triangle u ∈ pi2(xG,Θ,x′) and u′ ∈ pi2(Θ,x′,x),
whose domain is shaded in Figure 21. It follows that
M(t(βn ◦ δq/p)) = M(xG) = M(x) = M(θ(βn ◦ δq/p))

Proposition 7.7. For a transverse braid K ⊂ (L(p, q), ξUT ), the Maslov gradings of the GRID
and BRAID invariants agree. i.e.
M(θ(K)) = M(t(K)).
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Proof. Let β ∈ Bn be an arbitrary index n braid. One easily computes (as in the proof of
Proposition 4.8) that M(θ(β ◦ δq/p))−M(θ(τn ◦ δq/p)) = w(β), the writhe. We will show that
Maslov grading of the BRAID invariant satisfies the same equation, the result will then follow
from Lemma 7.6.
We compare the Maslov gradings of t(β ◦ δq/p) and t(τn ◦ δq/p).
Let (T 2,γ,α,w, z) and (T 2,β,α,w, z) denote the standard braid diagrams for β ◦ δq/p and
τn ◦ δq/p, respectively. We draw all three sets of curves on a single torus (as in Figure 22)
getting the triple diagram (T 2,γ,β,α,w, z). Note that the diagram (T 2,γ,β,w, z) can be
identified with a diagram used to define t(β) ∈ HFK−(−S3, β) connect sum the standard
Heegaard diagram for S1 × S2. Let Θ ∈ HF−(S1 × S2) denote the generator in top Maslov
grading.
Let u denote the Whitney triangle having Maslov index 1 − n whose domain is shaded in
Figure 22. This Whitney triangle has corners at generators having homology classes t(β) ⊗
Θ, t(τn ◦ δq/p) and t(β ◦ δq/p). Using u to compare Maslov gradings as in [OS06], we see that
M(t(β)) +M(t(τn ◦ δq/p))−M(t(β ◦ δq/p)) = 1− n.
M(t(β)) has been computed in [BVVV13] to equal sl(β)+ 1 = w(β)−n+1. Combining these
equations gives
M(t(β ◦ δq/p))−M(t(τn ◦ δq/p)) = w(β).
Figure 22. The homology classes of generators depicted by brown squares,
yellow stars and orange dots are t(β)⊗Θ, t(τn◦δp/q) and t(β◦δp/q), respectively.
In this example (p, q) = (2, 1) and β = σ1.

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8. Another reformulation of the BRAID invariant for lens space braids
Let (B, pi) denote the rational open book decomposition supporting (L(p, q), ξUT ) studied
in the previous section, and K an index k braid about (B, pi). Let U ⊂ L(p, q) denote the
Seifert cable of B; this is the cable specified by how a fiber D of (B, pi) meets the boundary
of a solid torus neighborhood of B. The braid K intersects D in k points.
In this section we reformulate the invariant t(K) ∈ HFK−(−L(p, q),K) in terms of the
Alexander filtration induced by−U on the knot Floer chain complex. We will use this alternate
reformulation in a subsequent section to prove that the GRID invariant for transverse links in
(L(p, q), ξUT ) is equivalent to t(K).
Remark 8.1. In the following reformulation we use two pairs of basepoints to encode −U .
One may easily formulate and prove a formulation using one pair of basepoints, but two pairs
is better suited towards proving GRID = BRAID.
By adding a basepoint w−U to the diagram G0 of the previous section, and relabelling z−B
as z−U we obtain a Heegaard diagram for (L(p, q),K ∪ −U). Adding an extra pair of and
curves and basepoints for −U we obtain the diagram D pictured in Figure 23. Denote the
new curves αs and βs. Forgetting the basepoints w−U we obtain a diagram
D0 = (Σ,β,α,w, z ∪ z−U ) for (−L(p, q),K)
with two free basepoints. Let xD0 denote the generator pictured in the figure.
Let (F−Ubot (D0), sξ) denote the summand of F−Ubot (D0) whose generators x satisfy sw(x) = sξ.
β0
α0
λ
z−U
w−U
w−U
z−U
Figure 23. A Heegaard diagram for (−L(3, 1),K ∪ −U). A longitude λ for
−U is pictured in purple. D0 = (Σ,β,α,w, z ∪ z−U ). The components of xD0
are orange dots.
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Lemma 8.2. F−Ubot (D0) ' V1 ⊗ · · · ⊗ Vk ⊕ Fp and (F−Ubot (D0), sξ) ' V1 ⊗ · · · ⊗ Vk, where each
Vi is a free rank two F [U1, . . . Um]-module, generated by xi and yi, such that ∂xi = 0.
Proof. Let P denote the obvious disk bounded by a longitude for U on the Heegaard diagram
in Figure 23. Orientation reversal corresponds to inverting the Alexander grading, up to
an overall shift. In order to minimize the Alexander grading induced by −U , we maximize
the grading induced by U . Lemma 3.5 tells us that a generator y lies in F−Ubot (G0) if ny(P)
is maximized. If ny(P) is maximal, it is immediate that (y)i = (y)i for each i, and that
the component of y on αs ∩ βs is fixed. For each i > 0 there are two possible values of
(y)i, xi and yi, let xi denote the intersection point contributing greater Maslov grading. The
component of y on α0 is determined by the Spin
C structure. There are p possible values for
(y)0, corresponding to the different Spin
C structures on −L(p, q). 
It follows that Htop(F−Ubot (D0), sξ) is generated by [xD0 ]. Next, we perform an isotopy of αs
to get a diagram D1, followed by a free 0/3-index destabilization to obtain the diagram G0 of
the previous section, and then relate [xD0 ] to [x
G
0 ].
Consider the triple diagram (Σ,β,α,α′,w, z ∪ z−U ) shown in Figure 24. The set α′ is
obtained by isotoping αs to intersect only βs, and α′i is obtained by applying a small isotopy
to αi. Let D1 = (Σ,β,α′,w, z ∪ z−U ), and
D0,1 : HFK
−,2(D0) '−→ HFK−,2(D1)
denote the isomorphism induced by the triple diagram. Let xD1 denote the generator of
CFK−,2(D1) whose components are pictured in Figure 24.
Proposition 8.3. D0,1([x
D
0 ]) = [x
D
1 ].
Proof. The proof is essentially that of Proposition 7.4. Let Θ denote the top graded generator
of CFK−,2(Σ,α,α′,w, zK ∪ z−B). Let u ∈ pi2(xD0 ,Θ,y) by a Whitney triangle having corner
at some generator y ∈ Tβ ∩ Tα′ . As before, by studying the possible multiplicities of u, one
can show that u has domain equal to the union of small gray and black triangles pictured
in Figure 24. It is immediate that for each i > 0, (y)i = (x
D
1 )i. The Spin
C structure fixes
(y)0 = (x
D
1 )0.

The diagram D1 has a small configuration about one of the z−U basepoints. Performing
the index 0/3 free destabilization we see that j(xD1 ) = x
G
0 (where this generator is defined in
the previous section). Proposition 7.4 and Theorem 7.5 relate [xG0 ] to the BRAID invariant
t(K).
9. A Reformulation of the GRID invariant θ
In this section we show that the GRID invariant θ can be reformulated in terms of the
filtration on the knot Floer complex of a braid induced by the Seifert cable of the braid axis.
This reformulation is the same as that of Section 8 for the BRAID invariant t, and we will
use this to show that the two invariants are equivalent.
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Figure 24. The triple diagram (Σ,β,α,α′,w, z ∪ z−U ) encoding a 3-braid
in −L(3, 1). The β,α and α′ curves are blue, red, and green, respectively.
The components of xD0 ,x
D
1 , and Θ are orange dots, stars, and brown squares,
respectively.
Let U denote the Seifert cable of the binding (B, pi) of the standard rational open book
for (L(p, q), ξUT ). Let K ⊂ (L(p, q), ξUT ) be the transverse link encoded by a grid diagram
G. Fixing a fundamental domain for the Heegaard torus, G gives rise to a rectilinear braided
projection of K onto the fundamental domain missing the left and right boundaries of the
fundamental domain, see Figure 25. This rectilinear projection may be altered and enhanced
to one for K∪−U . We may encode this projection with a grid diagram (T 2,β,α,w∪w−U , z∪
z−U ) encoding K ∪ −U having grid number at most
n+ 2k + 2
where n is the grid number of G and k is the braid index of K. Consider the diagram
S0 = (T 2,β,α,w, z ∪ z−U ) for K with two free basepoints z−U = {z0, z1}. Let xS0 ∈ Tβ ∩ Tα
denote the generator having components in the upper left corners of parallelograms containing
points of w ∪ z−U .
Lemma 9.1. The class [xS0 ] generates Htop(F−Ubot (S0), sξ).
Proof. Proposition 4.7 tells us that sw(x
S
0 ) = sξ.
Using Lemma 3.5 it is easy to see that the generator xS0 is in the bottom-most filtration
level, as there is an obvious disk relative periodic D domain for U , and the generator xS0 has
maximal multiplicity nxS0
(D). The class is non-zero by Proposition 4.10.
The triangle counts in the following propositions relate the class [xS0 ] to the invariant θ(K),
in particular, we will see that the Maslov grading of the generator xS0 is slQ(L)+
1
p−d(p, q, q−
1) − 2. It follows by the discussion following Lemma 8.2, Proposition 7.7 and the results of
the previous section that top = slQ(L) +
1
p − d(p, q, q − 1)− 2.
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−U
Figure 25. A rectilinear projection for K = σ−11 ◦ δ1/4 coming from a grid
number one diagram is pictured on the left. On the right we have a rectilinear
projection of K ∪ −U .
By the discussion following Lemma 8.2, Htop(F−Ubot (S0), sξ) is rank one. 
We wish to relate the class [xS0 ] to θ(K). We can perform two sequences of handleslides
followed by two free index-0/3 destabilizations to go from S0 to a grid diagram encoding K.
We have labelled z−U = {z0, z1}. Suppose that z0 lies in the ith0 column and jth0 row of S0,
and z1 lies in the i
th
1 column and j
th
2 row. Consider the triple diagram (T
2,β,α,α′,w, z∪z−U )
pictured in Figure 26. For r 6= j0 + 1 or j1 + 1 the curve α′r is a small perturbation of the
curve αr. For r = j0 + 1 or j1 + 1 the curve α
′
r is obtained by handlesliding αr over αr−1.
Also consider the triple diagram (T 2,β′,β,α′,w, z ∪ z−U ). For r 6= i0 or i1, the curve
β′r is a small perturbation of the curve βr. For r = i0 or i1, the curve β
′
r is obtained by
handlesliding βr over βr+1.
We let
S1 = (T 2,β,α′,w, z ∪ z−U )
S2 = (T 2,β′,α′,w, z ∪ z−U ),
and the generators xS1 ∈ CFK−,2(S1) and xS2 ∈ CFK−,2(S2) be as pictured in Figure 26.
Proposition 9.2. Let
S0,1 : HFK
−,2(S0)→ HFK−,2(S1)
S1,2 : HFK
−,2(S1)→ HFK−,2(S2)
denote the isomorphisms induced by the triple diagrams above. The composition S0,2 = S1,2 ◦
S0,1 sends the class [x
S
0 ] to [x
S
2 ].
Proof. The isomorphisms S0,1 and S0,2 are induced by pseudo-holomorphic triangle counts
s0,1 and s1,2, respectively. We will show that s0,1(x
S
0 ) = x
S
1 , the proof that s1,2(x
S
1 ) = x
S
2 is
similar.
We argue that the triple diagram (T 2,β,α,α′,w, z ∪ z−U ) is weakly admissible. Let n
denote the number of β curves. Any doubly periodic domain of (T 2,α,α′,w, z∪z−U ) missing
GRID INVARIANTS FOR LEGENDRIAN AND TRANSVERSE LINKS IN UNIVERSALLY TIGHT LENS SPACES51
Figure 26. The case of a one braid τ1 ◦ δ1/3. The β,β′,α and α′ curves are
drawn blue, green, red and purple, respectively. The w, z and z−U are solid,
hollow and grey dots, respectively. The generators xS0 and x
S
2 are depicted
with orange dots. The generator x1 is depicted with yellow stars. The brown
squares depict θ.
all basepoints is a linear combination of periodic domains P0, . . . ,Pn−1, where
∂Pr = αr ∪ α′r for r 6= j0 + 1, j1 + 1
∂Pr = αr ∪ α′r−1 ∪ α′r for r = j0 + 1, j1 + 1.
Each of these has positive and negative coefficients, and it is easy to see that any linear
combination also has this property. This establishes weak admissibility of (T 2,α,α′,w, z ∪
z−U ). Any triply periodic domain P of (T 2,β,α,α′,w, z ∪ z−U ) missing all basepoints will
either be a doubly periodic domain of (T 2,α,α′,w, z∪z−U ), in which case it has both positive
and negative coefficients, or it will have some β curve in its boundary. This β curve must
intersect a curve in α ∪ α′, and near this intersection point multiplicities of both signs will
appear.
Let θ denote the top graded generator of CFK−(T 2,α,α′,w, z∪ z−U ). We argue that the
Whitney triangle u0 ∈ pi2(xS0 ,θ,xS1 ) whose domain D(u0) is shaded in Figure 26 is the unique
triangle contributing to s0,1(x
S
0 ). Let u0 6= u ∈ pi2(xS0 ,θ,y) be a Whitney triangle for some
y ∈ Tβ ∩Tα′ . The domain D(u)−D(u0) has boundary consisting of arcs along the β and α′
curves and some total number of α curves. It follows that for some doubly periodic domain
P ′ of (T 2,α,α′,w, z ∪ z−U ) the domain
D = D(u)−D(u0)− P ′
has boundary consisting only of arcs along the β and α′ curves. D ∈ pi2(xS1 ,y) is a Whitney
disk. Any such disk can easily be seen to have some negative multiplicities. For any doubly
periodic domain P of (T 2,α,α′,w, z ∪ z−U ) the domain D(u0) + P does not fully cover any
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region of T 2 r {β ∪α′}, in particular D(u0) + P ′ does not cover the region in which D has a
negative multiplicity.
It follows that D(u) must have a negative multiplicity in the same region, and that u can
not admit a holomorphic representative. In summary, u0 is the unique Whitney triangle
having corners at xS0 and θ which admits a holomorphic representative. We conclude that
s0,1(x
S
0 ) = x
S
1 . 
We see that the diagram S2 has small configurations about both of the z−U basepoints. Let
S be the diagram obtained by performing both free index 0/3 destabilizations.
The compositions of projection and inclusion maps
j2 : CFK−,2(S2)→ CFK−(S)
in : CFK−(S)→ CFK−,2(S2)
defined in subsection 3.1, send generators xS2 to x
+ and x+ to xS2 , respectively.
9.1. GRID=BRAID. In this subsection we prove Theorem 1.3.
Proof. We inherit the notations of Propositions 7.4, 8.3, 9.2 and Theorem 7.5.
If we include the w−U basepoints in the diagrams D0 and S0, both are diagrams for the
link K ∪ −U ⊂ −L(p, q). It follows that D0 may be obtained from S0 by a sequence of
isotopies and handleslides avoiding all basepoints, together with index 1/2 (de)stabilizations
and linked index 0/3 (de)stabilizations not involving the basepoints w−U ∪ z−U . Associated
to this sequence of moves is a chain map which induces an isomorphism on homology
F : HFK−,2(S0)→ HFK−,2(D0).
Since the chain map respects the filtrations on both complexes induced by −U , it follows from
the proof of Lemma 8.2 and Lemma 9.1 that F ([xS0 ]) = [x
D
0 ], since both of these generate
Htop(F−Ubot , sξ).
By Propositions 7.4, 8.3, 9.2 and Theorem 7.5, the composition
HFK−(S) S
−1
0,2◦(i2)∗−−−−−−→ HFK−,2(S0) F−→ HFK−,2(D0) (j)∗◦D0,1−−−−−−→ HFK−,1(G0) (j)∗◦G0,2−−−−−−→ HFK−(T G)
is a graded isomorphism of F[U1, . . . , Um]-modules mapping the class θ(K) = [xS ] to [xG] =
t(K). 
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